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Abstract. We prove that certain parabolic Kazhdan-Lusztig polynomials cal- 
culate the graded decomposition matrices of iJ-Schur algebras given by the 
Jantzen filtration of Weyl modules, confirming a conjecture of Leclerc and 
Thibon. 
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Introduction 

Let v be a r-th root of unity in C. The u-Schur algebra S„(n) over C is a finite 
dimensional quasi-hereditary algebra. Its standard modules are the Weyl modules 
W V (X) indexed by partitions A of n. The module W V {X) has a simple quotient 
L V (X). See Section [231 for more details. 

The decomposition matrix of S„(n) is given by the following algorithm. Let 
F q be the Fock space of level one. It is a Q(g)-vector space with a basis {|A}} 
indexed by the set of partitions. Moreover it carries an action of the quantum 
enveloping algebra U q (sl r ). Let L + (resp. L~) be the Z[<7]-submodule (resp. 7L\q~ l \- 
submodule) in T q spanned by {|A}}. Following Leclerc and Thibon [LTll Theorem 
4.1], the Fock space J- q admits two particular bases {G^}, [G\\ with the properties 
that 

G+ = | A) mod qL + , = |A) mod q~ x L~ . 

Let d\^(q),e\^{q) be elements in Z[q] such that 

g+ = 5> a „(<7)|a>, g- = J2^(-q- 1 M- 

A A 1 

For any partition A write A' for the transposed partition. Then the Jordan-Holder 
multiplicity of L v (fi) in W V (X) is equal to the value of dy^{q) at q = 1. This result 
was conjectured by Leclerc and Thibon [LTll Conjecture 5.2] and has been proved 
by Varagnolo and Vasserot [VVlj . 
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We are interested in the Jantzen nitration of W v (A) |JM] 

W V (X) = J°W V (X) D J X W V {X) D .... 

It is a nitration by Sj,(n)-submodules. The graded decomposition matrix of S v (n) 
counts the multiplicities of L v (fi) in the associated graded module of W V (X). The 
graded version of the above algorithm was also conjectured by Leclerc and Thibon 
[LT11 Conjecture 5.3]. Our main result is a proof of this conjecture under a mild 
restriction on v. 

Theorem 0.1. Suppose that v — exp(2-7ri / k) with n g Z and k ^ —3. Let X, /i be 
partitions of n. Then 

&'/*'(?) = Y} Jlw ^ x )l Jt+lw v( x ) ■ LvQ*)W- (o.i) 

Let us outline the idea of the proof. We first show that certain equivalence 
of highest weight categories preserves the Jantzen filtrations of standard modules 
(Proposition 11.8]) . By constructing such an equivalence between the module cate- 
gory of the v-Schur algebra and a subcategory of the affine parabolic category O 
of negative level, we then transfer the problem of computing the Jantzen filtration 
of Weyl modules into the same problem for parabolic Verma modules (Corollary 
12. 14p . The latter is solved using Beilinson-Bernstein's technics (Sections 01 [SJ El • 

Acknowledgement. I deeply thank my advisor Eric Vasserot for many helpful 
discussions, lots of useful remarks and for his substantial support. 



1. Jantzen filtration of standard modules 

1.1. Notation. We will denote by A -mod the category of finitely generated mod- 
ules over an algebra A, and by ^4-proj its subcategory consisting of projective 
objects. Let R be a commutative noetherian C-algebra. By a finite projective 
R-algebra we mean a i?-algebra that belongs to i?-proj. 

A i?-category C is a category whose Horn sets are i?-modules. All the functors 
between i?-categories will be assumed to be i?-linear, i.e., they induce morphisms 
of .R-modules on the Horn sets. Unless otherwise specified, all the functors will be 
assumed to be covariant. If C is abelian, we will write C -proj for the full subcategory 
consisting of projective objects. If there exists a finite projective algebra A together 
with an equivalence of i?-categories F : C = ^4-mod, then we define C (1 i?-proj to 
be the full subcategory of C consisting of objects M such that F{M) belongs to 
i?-proj. By Morita theory, the definition of C n i?-proj is independent of A or F. 
Further, for any C-algebra homomorphism R — » R' we will abbreviate R'C for the 
category (R' <S>r A) -mod. The definition of R'C is independent of the choice of A 
up to equivalence of categories. 

For any abelian category C we will write [C] for the Grothendieck group of C. Any 
exact functor F from C to another abelian category C yields a group homomorphism 
[C] —> [C], which we will again denote by F. 

A C-category C is called artinian if the Horn sets are finite dimensional C- vector 
spaces and every object has a finite length. The Jordan-Holder multiplicity of a 
simple object L in an object M of C will be denoted by [M : L]. 

We abbreviate <S> — <8>c an d Horn = Home- 

1.2. Highest weight categories. Let C be a i?-category that is equivalent to 
the category ^4-mod for some finite projective i?-algebra A. Let A be a finite set 
of objects of C together with a partial order <. Let C A be the full subcategory 
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of C consisting of objects which admit a finite filtration such that the successive 
quotients are isomorphic to objects in 

{D ® U | D G A, U G P-proj}. 

We have the following definition, see [El Definition 4.11]. 

Definition 1.1. The pair (C, A) is called a highest weight R-category if the follow- 
ing conditions hold: 

• the objects of A are projective over R, 

• we have End c (P) = R for all DeA, 

• given Di, D 2 £ A, if Hom c (-Di, -D 2 ) 7^ °: then -°i < -Da, 

• if M G C satisfies Hom c (P, M) = for all D G A, then M = 0, 

• given D G A, there exists P G C -proj and a surjective morphism / : P — > P 
such that ker/ belongs to C A . Moreover, in the filtration of ker/ only 
D' ®U with D' > D appears. 

The objects in A are called standard. We say that an object has a standard 
filtration if it belongs to C A . There is another set V of objets in C, called costandard 
objects, given by the following proposition. 

Proposition 1.2. Let (C, A) be a highest weight R-category. Then there is a set 
V = {P/ v | D G A} of objects of C, unique up to isomorphism, with the following 
properties: 

(a) the pair (C op , V) is a highest weight R-category, where V is equipped with 
the same partial order as A, 

R if i = and D\ = Di 



(b) for D lt D 2 G A we have Ext£ (£>!,£$) 



else. 



See [Rj Proposition 4.19]. 

1.3. Base change for highest weight categories. From now on, unless other- 
wise specified we will fix R = C[[s]], the ring of formal power series in the variable 
s. Let p be its maximal ideal and let K be its fraction field. For any P-module M, 
any morphism / of P-modules and any i G N we will write 

M(p*) =M® R {R/p l R), M K = M® R K, 

f{p l )=f® R {R/p l R): f K =f® R K. 

We will abbreviate 

C{p) = R{p)C, C K = KC. 
Let us first recall the following basic facts. 

Lemma 1.3. Let A be a finite projective R-algebra. Let P G A-mod. 

(a) The A-module P is projective if and only if P is a projective R-module and 
P{p) belongs to A(p)-proj. 

(b) If P belongs to A -proj, then we have a canonical isomorphism 

Hom A (P, M){p) ^ Hom A(p) (P(p),M(p)), V M G A-mod. 

Further, if M belongs to R -proj then Hom^ (P, M) also belongs to R -proj . 

We will also need the following theorem of Rouquier [R| Theorem 4.15]. 

Proposition 1.4. Let C be a R-category that is equivalent to A -mod for some 
finite projective R-algebra A. Let A be a finite poset of objects o/CnP-proj. Then 
the category (C, A) is a highest weight R-category if and only if (C(p), A(p)) is a 
highest weight C-category. 

Finally, the costandard objects can also be characterized in the following way. 
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Lemma 1.5. Let (C, A) be a highest weight R-category. Assume that V' = { v D \ D £ 
A} is a set of objects of C D P-proj such that for any D £ A we have 

( v P)(p) <* P(p) v , ^D) K = D K . 

Then we have V P = P v £ V. 

Proof. We prove the lemma by showing that V has the properties (a), (b) in 
PropositionOwith V P playing the role of P v . This will imply that v J) = J) v eV. 
To check (a) note that V'(p) is the set of costandard modules of C(p) by assumption. 
So (C(p) op , V'(p)) is a highest weight C-category. Therefore (C op , V) is a highest 
weight P-category by Proposition [Lj] Now, let us concentrate on (b). Given Pi, 
P 2 G A, let P. = — » P„ — > • • • — s> Po be a projective resolution of Pi in C. Then 
Ext^(Pi, V P2) is the cohomology of the complex 

C. = Hom c (P., v P 2 ). 

Since Pi and all the Pi belong to R -proj and R is a discrete valuation ring, by the 
Universal Coefficient Theorem the complex 

P.(p) = -> P n (p) -> ■■• ^Po(p) 

is a resolution of Pi(p) in C(p). Further, each Pi(p) is a projective object in C(p) 
by Lemma [QT al. So Extc( p )(Pi(p), v P2(p)) is given by the cohomology of the 
complex 

C.(p) = Hom c(p) (P.(p), v P 2 (p)). 
Again, by the Universal Coefficient Theorem, the canonical map 

Hi(C.){p) — ^(CCp).) 
is injective. In other words we have a canonical injective map 

Extj,(Pi, V P 2 )(p) ^Ext^, (p) (P 1 (p), v P 2 (p)). (1.1) 

Note that each P-module Ct is finitely generated. Therefore Ext^(Pi, V P 2 ) is also 
finitely generated over R. Note that if i > 0, or i = and Pi ^ P 2 , then the 
right hand side of (jl.ip is zero by assumption. So Ext£.(Pi, v P 2 )(p) = 0, and 
hence Ext£.(Pi, V P 2 ) = by Nakayama's lemma. Now, let us concentrate on the 
P-module Homc(P, v P) for Be A. First, we have 

Hom c (P, v P)® K X = Kom CK (D K ,C / D) K ) 

= End CK (D K ) 

= Endc(P) Oh if 

= K. (1.2) 

Here the second equality is given by the isomorphism Dk — ( v P)/f and the last 
equality follows from Endc(P) = R- Next, note that Homc(P, v P)(p) is included 
into the vector space Homc( p ) (P(p), v P(p)) = C by (jl.ip . So its dimension over 
C is less than one. Together with (|1.2p this yields an isomorphism of P-modules 
Homc(P, V P) = R, because R is a discrete valuation ring. So we have verified that 
V' satisfies both property (a) and (b) in Proposition 11.21 Therefore it coincides 
with V and V P is isomorphic to P v . □ 

1.4. The Jantzen filtration of standard modules. Let (Cc, Ac) be a highest 
weight C-category and (C, A) be a highest weight P-category such that (Cc, Ac) = 
(C(p), A(p)). Then any standard module in Ac admits a Jantzen type filtration 
associated with (C, A). It is given as follows. 
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Definition 1.6. For any D £ A let <j> : D — > D v be a morphism in C such that 
4>{p) 7^ 0. For any positive integer i let 

%i : D v — ► D v /p l D w (1.3) 

be the canonical quotient map. Set 

D l = ker(n o4>) c D, J*D(p) = {D l + pD)/pD. 

The Jantzen filtration of D(p) is the filtration 

D(p) = J°D(p) D J 1 D{p) D ■ ■ ■ . 

To see that the Jantzen filtration is well defined, one notices first that the mor- 
phism (f> always exists because Homc(-D, D v )(p) = R{p). Further, the filtration is 
independent of the choice of <j>. Because if <f>' : D — > D v is another morphism such 
that (j)'(p) ^ 0, the fact that Homc(Z), D y ) = R and </>(p) ^ implies that there 
exists an element a in R such that </>' = a<fi. Moreover 4>'{p) ^ implies that a is 
invertible in R. So <fi and <p' define the same filtration. 

Remark 1.7. If the category Ck is semi-simple, then the Jantzen filtration of any 
standard module D(p) is finite. In fact, since Endc(-D) = R we have Ende K (Dk) = 
K. Therefore Dk is an indecomposable object in Ck- So the semi-simplicity of 
Ck implies that Dk is simple. Similarly D K is also simple. So the morphism 
4>k '■ Dk — > D K is an isomorphism. In particular <f) is injective. Now, consider the 
intersection 

f)rD(p) = f)(D l + pD)/pD. 

i i 

Since we have D % D D l+ , the intersection on the right hand side is equal to 
((Hi D l ) + pD)/pD. The injectivity of cj> implies that f). D l = ker</> is zero. Hence 
P| 4 J l D(p) = 0. Since D{p) £ C(p) has a finite length, we have J 1 D(p) = for i 
large enough. 

1.5. Equivalences of highest weight categories and Jantzen filtrations. 

Let (Ci,Ai), (C2,A2) be highest weight ^-categories (resp. C-categories or K- 
categories). A functor F : C± — > C2 is an equivalence of highest weight categories if 
it is an equivalence of categories and if for any D\ £ Ai there exists D2 £ A2 such 
that F(Di) = Z?2- Note that for such an equivalence F we also have 

F(D)() = Dl (1.4) 

because the two properties in Proposition 11.21 which characterize the costandard 
objects are preserved by F. 

Let F : C± — > Ci be an exact functor. Since C\ is equivalent to ^4-mod for some 
finite projective i?-algebra A, the functor F is represented by a projective object P 
in Ci, i.e., we have F = Home^P, — ). Set 

F(p) = Hom Cl(p) (P(p), -) : d(p) ^ C 2 (p). 

Note that the functor F(p) is unique up to equivalence of categories. It is an exact 
functor, and it is isomorphic to the functor Homc 1 (P, — )(p), see Lemma 11.31 In 
particular, for D £ Ai there are canonical isomorphisms 

F(D)(p) ^ F(p)(D(p)), F(D y )(p)=F(p)(D^(p)). (1.5) 

Proposition 1.8. Let (C±, Ai) ; (C2, A2) be two equivalent highest weight R-categories. 
Fix an equivalence F : C\ — > C2- Then the following holds. 

(a) The functor F{p) is an equivalence of highest weight categories. 

(b) The functor F(p) preserves the Jantzen filtration of standard modules, i.e., 
for any Di £ Ai let D 2 = F(Di) £ A 2 , then 

F(p)(J t D 1 (p)) = J l D 2 (p), ViGl. 
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Proof, (a) If G : C 2 — > C\ is a quasi-inverse of F then G(p) is a quasi-inverse of 
F(p). So F(p) is an equivalence of categories. It maps a standard object to a 
standard one because of the first isomorphism in (|1.5[) . 
(b) The functor F yields an isomorphism of i?-modulcs 

Hom Cl (Ui,U] / ) ^Rom C2 (F(D 1 ),F(D^)), 

where the right hand side identifies with Homc 2 (D2, D^) via the isomorphism (jl.4p . 
Let 4>i be an element in Homd (Di , D\ ) such that 0i(p) 7^ 0- Let 

4> 2 =F{cp 1 ):D 2 ^D y 2 . 

Then we also have (j> 2 (p) 7^ 0. 

For a — 1,2 and i G N let 7r Qi i : D y — > Z?^(p l ) be the canonical quotient map. 
Since F is i?-linear and exact, the isomorphism F(DY) = D 2 maps F(p l Di) to 
p l D 2 and induces an isomorphism 

F{D\^)) = D)i^). 

Under these isomorphisms the morphism F(ttu) is identified with ~k 2 ^. So we have 

F(D\) = FQterfaiofa)) 

= ker(F(7r M ) o Ffa)) 

= ker(7r 2! i o 4> 2 ) 

= D*. 

Now, apply F to the short exact sequence 

pDj + pDi _> J 4 d(p)^0, (1.6) 

we get 

F{J i D 1 {p)) = (F(Di) + pF(D 1 ))/pF(D 1 ) 
= J l D 2 (p). 

Since F(J l Di(p)) = F(p)(J l Di(p)), the proposition is proved. □ 



2. Affine parabolic category O and w-Schur algebras 

2.1. The affine Lie algebra. Fix an integer m > 1. Let Go D Bo D To be respec- 
tively the linear algebraic group GL m (C), the Borel subgroup of upper triangular 
matrices and the maximal torus of diagonal matrices. Let go D bo D to be their Lie 
algebras. Let 

= flo^ciM -1 ] ©ci®o 

be the affine Lie algebra of go- Its Lie bracket is given by 

[£,®t a +xl+yd, £'®t b +x'l+y'd] = £']®t Q+b +a^ b tr(££')l+^'®* b -ay'^ a , 

where tr : g — >• C is the trace map. Set t = to © CI © C<9. 

For any Lie algebra a over C, let 14(a) be its enveloping algebra. For any C- 
algebra R, we will abbreviate or = a ® i? and W(or) = W(a) © -R. 

In i/ie resi 0/ i/ie paper, we will fix once for all an integer c such that 

K = c + meZ <Q . (2.1) 

Let U K be the quotient of U(q) by the two-sided ideal generated by 1 — c. The 
W K -modules are precisely the g-modules of level c. 

Given a C-linear map A : t — > R and a g^-module M we set 

M\ = {v e M\hv = \(h)v, V h e t}. (2.2) 
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Whenever M\ is non zero, we call A a weight of M. 

We equip t* = Homc(t, C) with the basis e\,. . . ,e m , coo, S such that ei, . . . , e m G 
tg is dual to the canonical basis of to, 

5(d) = w (l) = 1, w (to © O) = (5(to © CI) = 0. 

Let (• : •} be the symmetric bilinear form on t* such that 

(d : ej) = Sij, (coo : 5) = 1, <t£ ©0:5) = (t^ © Cw : w > = 0. 

For ft 6 t* we will write \ \h\\ 2 = (h : h). The weights of a W K -module belong to 

K t* = {A G t* | (A : 6) = c}. 

Let a denote the projection from t* to Consider the map 

z : t* -> C (2.3) 

such that A i-> z(A)<5 is the projection t* — > C5. 

Let II be the root system of with simple roots on = e, — ej+i for 1 ^ i ^ m — 1 
and a = S — Y^T=i a i- The root system n of q is the root subsystem of IT 
generated by ai, . . . , ct m -\. We will write IT + , IIq for the sets of positive roots in 
II, n respectively. 

The afhne Weyl group 6 is a Coxeter group with simple reflections Sj for < 
i ^ m — 1. It is isomorphic to the semi-direct product of the symmetric group &q 
with the lattice Zn . There is a linear action of & on t* such that &o fixes ujq, S, 
and acts on by permuting q's, and an element r e Zn acts by 

t(5)=5, t(lo )=t + ujo-(t:t)5/2, t(X) = X - (t : X)S, V A e t* . (2.4) 

Let /9o be the half sum of positive roots in n and p = p + mcj - The dot action 
of & on t* is given by w ■ A = w(X + p) — p. For A e t* we will denote by 6(A) the 
stabilizer of A in & under the dot action. Let I : & — >■ N be the length function. 

2.2. The parabolic Verma modules and their deformations. The subset IIo 
of n defines a standard parabolic Lie subalgebra of Q, which is given by 

q = go ® C[t] © CI © Cd. 

It has a Levi subalgebra 

I = 0o © CI © Cd. 

The parabolic Verma modules of U K associated with q are given as follows. Let A 
be an element in 

A+ = {A G K t* | (A : a) e N, Vae n+}. 

Then there is a unique finite dimensional simple O -modulc V(X) of highest weight 
a(X). It can be regard as a [-module by letting h e CI © Cd act by the scalar 
A(ft). It is further a q-module if we let the nilpotent radical of q act trivially. The 
parabolic Verma module of highest weight A is given by 

M K (X)=U(g) ®u M V{\). 

It has a unique simple quotient, which we denote by L K (X). 
Recall that R — C[[s]] and p is its maximal ideal. Set 

c = c+s and k = k + s. 

They are elements in R. Write for the quotient of U(qr) by the two-sided ideal 
generated by 1 — c. So if M is a Z^k-module, then M(p) is a W K -module. Now, note 
that R admits a q^-action such that 0o<8>C[t] acts trivially and t acts by the weight 
scj - Denote this q^-module by R SUQ . For A G A+ the deformed parabolic Verma 
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module Mk(A) is the gij-module induced from the q_R-module V(A) <g> R S ui - It is a 
Wk-module of highest weight A + su>q , and we have a canonical isomorphism 

M k (A)(p) s M«(A). 

We will abbreviate A s = A + swo and will write 

kt* = {A s |Ag K i*}. 

Lemma 2.1. TTie QK-module Mk(A)A- = Mk(A) <8>_r K is simple. 

Proof. Assume that M\^{X)k is not simple. Then it contains a nontrivial submod- 
ule. This submodule must have a highest weight vector of weight n s for some 
fx G A + , /i ^ A. By the linkage principle, there exists w G © such that /u s = if • A s . 
Therefore it; fixes ujq, so it belongs to So- But then we must have w = 1, because 
A, [i G A + . So A = /i. This is a contradiction. □ 

2.3. The Jantzen filtration of parabolic Verma modules. For A G A + the 

Jantzen filtration of M K (A) is given as follows. Let a be the P-linear anti-involution 
on qr such that 

<7(f®t n ) cr(l) = l, <r(d)=d. 

Here £ G go and *£ is the transposed matrix. Let g# act on Hom^(Mk(A), R) via 
= f(o-(x)v) for lessee Af k (A). Then 

DM k (A) = Hom iJ (M u (A)^,i?) (2.5) 

is a g^-submodule of Hom^(Mk(A), R). It is the deformed dual parabolic Verma 
module with highest weight X s . The A s -weight spaces of Mk(A) and DM k (A) are 
both free P-modules of rank one. Any isomorphism between them yields, by the 
universal property of Verma modules, a g^-module morphism 

(j) : M k (A) -> DAfk(A) 

such that 4>(p) 0. The Jantzen filtration (JW K (A)) of M K (X) defined by [J] is 
the filtration given by Definition 11.61 using the morphism <j) above. 

2.4. The deformed parabolic category O. The deformed parabolic category O, 
denoted by Ok, is the category of Wk-modules M such that 

• M = AGkt , M\ with M\ G P-mod, 

• for any m G M the P-module U{qn)m is finitely generated. 

It is an abelian category and contains deformed parabolic Verma modules. Replac- 
ing k by k and R by C we get the usual parabolic category O, denoted O k . 
Recall the map z in (|2.3[) . For any integer r set 

= {/z £ ^* | r - z(/i) G Z^o}- 

Define k t* in the same manner. Let r O K (resp. r Ok) be the Serre subcategory of 
O k (resp. Ok) consisting of objects M such that M M ^ implies that /i belongs to 
r K t* (resp. k t*). Write r A+ = A+ n r K t*. We have the following lemma. 

Lemma 2.2. (a) For any finitely generated projective object P in r Ok and any 
M G r Ok the R-module Homro k (P, M) is finitely generated and the canonical map 

Hom^ k (P,M)(p) -y Hom^ re (P(p), M{p)) 

is an isomorphism. Moreover, if M is free over R, then Homi-e> k (P, M) is also free 
over R. 

(b) The assignment M i-> M(p) yields a functor 

r O k -> r O K . 
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This functor gives a bijection between the isomorphism classes of simple objects and 
a bijection between the isomorphism classes of indecomposable projective objects. 

For any A G 'A + there is a unique finitely generated projective cover r P K (X) of 
L K {\) in r O K , see |RW1 Lemma 4.12]. Let I<k(A), r Pk(A) be respectively the simple 
object and the indecomposable projective object in r Ok that map respectively to 
L K (A), -P K (A) by the bijections in Lemma H^b). 

Lemma 2.3. The object r Pk(A) is, up to isomorphism, the unique finitely generated 
projective cover of £k(A) in r Ok- It has a filtration by deformed parabolic Verma 
modules. In particular, it is a free R-module. 

The proof of Lemmas 12.21 12.31 can be given by imitating F, Section 2]. There, 
Fiebig proved the analogue of these results for the (nonparabolic) deformed category 
O by adapting arguments of [RWj . The proof here goes in the same way, because 
the parabolic case is also treated in RW . We left the details to the reader. Note 
that the deformed parabolic category O for reductive Lie algebras has also been 
studied in [St] . 

2.5. The highest weight category £k- Fix a positive integer n ^ m. Let V n 
denote the set of partitions of n. Recall that a partition A of n is a sequence of 
integers Ai ^ ... ^ A m ^ such that Y^TLi ^ = n - We associate A with the 
element Y^iLi ^i e i ^ ^Oj which we denote again by A. We will identify V n with a 
subset of A + by the following inclusion 

V n ^K + , \^\ + cu - {X: \ +2po) 6. (2.6) 

2k 

We will also fix an integer r large enough such that V n is contained in r A + . Equip 
A + with the partial order < given by A < /i if and only if there exists w G © such 
that /u = w ■ A and a(fi) — a(A) G Let < denote the dominance order on V n 

given by 

i i 

A < /i Xj ^ fXj, V 1 ^ i ^ m. 

Note that for A, fi e P„ we have 

AdM=^A</i, (2-7) 
because A^/i implies that /i — \ E NILj", which implies that 

/ij — /J Aj- = (/x — A, ei + • • • + 6i) ^ 0, V 1 ^ i ^ to. 

Now consider the following subset of r A + 

E = {/i G 'A + | ^ = ui • A for some w G 6, A G V n }. 
Lemma 2.4. The set E is finite. 

Proof. Since V n is finite, it is enough to show that for each AeP„ the set 6 • Afl r A + 
is finite. Note that for w G &q and r £ ZIJo we have z(kjt • A) = z(r • A). By (|2.4[) 
we have 

z(t-\)=z{X)--(\\t+——\\ -\\— — I] ). 



If «(t • A) ^ r, then 

X -I- /> - 

< — (r - z(X)) + 



A + Pm2 ^ 2 „,/^ , n A + P i|2 



There exists only finitely many r G ZIIo which satisfies this condition, hence the 
set -E is finite. □ 
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Let £ K be the full subcategory of r O K consisting of objects M such that 

fi £ r A+ , fi £ E =>■ Hom, OK ('P K ( M ) , M ) = 0. 

Note that since r P K {fi) is projective in r O K , an object M £ r O K is in £ K if and only 
if each simple subquotient of M is isomorphic to L K (fi) for fi £ E. In particular 
£ K is abelian and it is a Serre subcategory of r O K . Further £ K is also an artinian 
category. In fact, each object M £ £ K has a finite length because E is finite and 
for each fx £ E the multiplicity of L K (fi) in M is finite because dimcM^ < oo. Let 
g' denote the Lie subalgebra of g given by 

8' = flo®C[t,t -1 ]eCl. 

Forgetting the enaction yields an equivalence of categories from £ K to a category of 
g'-modules, see [Sol Proposition 8.1] for details. Since k is negative, this category 
of g'-modules is equal to the category studied in KL2 . 

Lemma 2.5. (a) For X £ E, fi £ r A + such that [M K (A) : L K (/j,)] / w have 
/i £ E and fx ^ A. 

T/ie module r P K (X) admits a filtration by lA^-modules 

such that Pq/P\ is isomorphic to M K (X) and Pi/ Pi+i = M K (fj,i) for some \ii >~ A. 

(c) The category £ K is a highest weight C-category with standard objects M K (X), 
A £ E. The indecomposable projective objects in £ K are the modules r P K (X) with 
A £ E. 

Proof. Let be the quantized enveloping algebra of go with parameter v = 
exp(27ri//-c). Then the Kazhdan-Lusztig's tensor equivalence |KL2[ Theorem IV. 38.1] 
identifies £ K with a full subcategory of the category of finite dimensional U„- 
modules. It maps the module M K (X) to the Weyl module of U„ with highest weight 
a(A). Since v is a root of unity, part (a) follows from the strong linkage principle 
for U„, see [An! Theorem 3.1]. Part (b) follows from (a) and [KL21 Proposition 
1.3.9]. Finally, part (c) follows directly from parts (a), (b). □ 

Now, let us consider the deformed version. Let £k be the full subcategory of r Ok 
consisting of objects M such that 

H £ r A+, ft i E =^ Hom. 0k ( r F k ( M ), M) = 0. 

Lemma 2.6. An object M £ r Ok belongs to £k if and only if M(p) belongs to £ K . 
In particular Afk(A) and r Pk(A) belong to £k for X £ E. 

Proof. By Lemma l2.2f a) for any fi £ r A + the i?-module Hom r o k ( r Pk(p), M) is 
finitely generated and we have 

Uom r0k ( r P k (fi),M)(p) = Romr 0a ( r P K (»),M(p)). 

Therefore Homr 0k ('P k (/z), M) is nonzero if and only if Homr©^ ( r P K (fj,), M(p)) is 
nonzero by Nakayama's lemma. So the first statement follows from the definition 
of £k and £ K - The rest follows from Lemma [2~5l c') . □ 

Let 

W) = T k(A), P K (E) = r P K (A) . 

AG-B AG-B 

We have the following corollary. 

Corollary 2.7. (a) The category £k is abelian. 

(b ) For M £ £k there exists a positive integer d and a surjective map 

P k (E) ed — ■+ M. 



JANTZEN FILTRATION 



11 



(c) The functor Hom.rQ k (Pk(E) , —) yields an equivalence of R- categories 

£ k = End r0k (P k (E))°P-mod. 

Proof. Let M G £ k , N G r O k . First assume that N C M. For /x G r A+ if 
Homrtj k ( r i\(/x), AT) 7^ 0, then Honir C , k ( T 'P k (^), M) ^ 0, so /i belongs to _E. Hence 
N belongs to £k- Now, if N is a quotient of M, then iV(p) is a quotient of M(p). 
Since M(p) belongs to £ re , we also have iV(p) £ £ K . Hence TV belongs to £k by 
Lemma [2.61 This proves part (a). Let us concentrate on (b). Since M £ 4 we 
have M{p) G £ K . The category £ K is artinian with P K (E) a projective generator. 
Hence there exists a positive integer d and a surjective map 

/ : P K {E)® d —> M(p). 

Since P^(E)® d is projective in r 0k, this map lifts to a map of Wk-modules / : 
Pk(E) (Bd — > M such that the following diagram commute 

P^ E )®dJ_ ^ M 

P K (E)® d ^M(p). 

Now, since the map / preserves weight spaces and all the weight spaces of P^(E)® r 
and M are finitely generated i?-modules, by Nakayama's lemma, the surjectivity 
of / implies that / is surjective. This proves (b). Finally part (c) is a direct 
consequence of parts (a) , (b) by Morita theory. □ 

Proposition 2.8. The category £ k is a highest weight R-category with standard 
modules Mk(//), /i G E. 

Proof. Note that EndrQ k (P k (E)) op is a finite projective i?-algebra by Lemmas 12.21 
12.31 Since £ K is a highest weight C-category by Lemma [2.5( c). the result follows 
from Proposition [LU □ 

2.6. The highest weight category ,4k- By definition V n is a subset of E. Let 
,4k be the full subcategory of £k consisting of the objects M such that 

Hom, 0k (A/ k (A), M) =0, V A G E, A g V n . 

We define the subcategory A K of £ K in the same way. Let 

A k = {A/ k (A) | A g V n }, A K = {M K (A) | A G V n }. 

Recall that E c r A + is equipped with the partial order ^, and that V n C E. We 
have the following lemma 

Lemma 2.9. The set V n is an ideal in E , i.e., for A G E, fj, G V n , if A ^ fx then 
we have A G V n - 

Proof. Let A G E and /j£P„ and assume that A -< /i. Recall that E C K t* , so we 
can write a(A) = 2*Li Ai e i- Since i? C r A+ we have Aj G Z and A, ^ Aj+i. Wc 
need to show that A m G N. Since A < /i there exist G N such that a(/i) — a(A) = 
Ei=i r i a »- Therefore we have A m = /i m + r m _i ^ 0. □ 

Now, we can prove the following proposition. 

Proposition 2.10. The category (Ak, Ak) is a highest weight R-category with 
respect to the partial order < on V n . The highest weight category (.Ak(p), A k (p)) 
given by base change is equivalent to (A K ,A K ). 
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Proof. Since £k is a highest weight i?-category and V n is an ideal of E, [R] Proposi- 
tion 4.14] implies that (-4k, Ak) is a highest weight i?-category with respect to the 
partial order ^ on V n . By (|2.7p this implies that (.Ak, At) is also a highest weight 
i?-category with respect to <. Finally, the equivalence Ak(p) = A K follows from 
the equivalence £k(p) — and loc. cit. □ 

2.7. Costandard objects of Au. Consider the (contravariant) duality functor D 
on Ok given by 

DAf = Hom fl (Af M ,i?), (2.8) 

where the action of on DM is given as in Section l2~3l with the module Mk(A) 
there replaced by M. Similarly, we define the (contravariant) duality functor D on 
K by 

DM= Hom(A^,C), (2.9) 

A«6kt* 

with the W K -action given in the same way. This functor fixes the simple modules in 
O k . Hence it restricts to a duality functor on A K , because A K is a Serre subcategory 
of O k . Therefore (A K , A K ) is a highest weight category with duality in the sense of 
[CPS] , It follows from [CTSl Proposition 1.2] that the costandard module Af K (A) v 
in A K is isomorphic to DM re (A). 

Lemma 2.11. The costandard module Aik(A) v in Ak is isomorphic to DJ14(A) 
for any A G V n . 

Proof. By definition we have a canonical isomorphism 

(DM k (A))(p) S D(A/ K (A)) S A/ K (A) V . 

Recall from Lemma |2~T1 that Mk(A)jf is a simple Wk, if -module. Therefore we have 
(DMk(A))i<- = Afk(A)i<-. So the lemma follows from Lemma 11.51 applied to the 
highest weight category (Au, At) and the set {DAfk(A) | A £ □ 

2.8. Comparison of the Jantzen filtrations. By Definition 11.61 for any A G V n 

there is a Jantzen filtration of M K (A) associated with the highest weight category 
(-4k; Ak). Lemma 1 2 . 1 1 1 implies that this Jantzen filtration coincides with the one 
given in Section l2~3l 

2.9. The u-Schur algebra. In this section let R denote an arbitrary integral do- 
main. Let v be an invertible element in R. The Hecke algebra J4%, over R is a 
i?-algebra, which is free as a i?-module with basis {T w | w £ &o}, the multiplica- 
tion is given by 

T Wl T W2 = T WlW2 , if l(wiw 2 ) = l{wi) + l(w 2 ), 

(T Si + l)(T Si -v)=0, l<i<m-l. 

Next, recall that a composition of n is a sequence fj, — (jii , . . . , fid) of positive 
integers such that Yli=i Mi = n - Let X n be the set of compositions of n. For 
/i£^„ let 6 M be the subgroup of &o generated by for all 1 ^ i < d — 1 such 
that i ^ /^i + • • • + fj,j for any j. Write 

x„ = T ™ and Vm = (-^)- l(w) T w . 

The v-Schur algebra S v of parameter v is the endomorphism algebra of the right 
J^-module © m6i ^ x^Jf^,. We will abbreviate 

A v = S v -mod . 
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Consider the composition w of n such that vji = 1 for 1 ^ i ^ n. Then x^J^, = 
J^r. So the Hecke algebra J^, identifies with a subalgebra of S v via the canonical 
isomorphism Ji%, = End^ v (J^). 

For A G V n let A' be the transposed partition of A. Let (f\ be the element in 
S v given by f\(h) = x\h for h G a;^^^ and fxix^J^,) = for any composition 
/.t ^ re?. Then there is a particular element w\ G ©o associated with A such that 
the Weyl module W V (X) is the left ideal in S v generated by the element 

z x = <p\T Wk yx G S v . 

See |JM] for details. We will write 

A v = {Wv(A) | A G V n }. 

2.10. The Jantzen filtration of Weyl modules. Now, set again R — C[[s]]. Fix 

v = exp(27ri / k) G C and v = exp(27ri/k) G R. 

Below we will consider the w-Schur algebra over C with the parameter v, and the 
w-Schur algebra over R with the parameter v. The category (A V ,A V ) is a highest 
weight C-category. Write L V (X) for the simple quotient of W V (X). The canonical 
algebra isomorphism S v (p) = S„ implies that (^4 V) A V ) is a highest weight R- 
category and there is a canonical equivalence 

(A v (p),A v (p)) = (A V ,A V ). 

We define the Jantzen filtration (,PW V (\)) of W v (\) by applying Definition 11.61 
to (.AvjAv). This filtration coincides with the one defined in |JMj . because the 
contravariant form on VF-^A) used in [JMj 's definition is equivalent to a morphism 
from Wv(A) to the dual standard module VF V (A) V = Hoia R (W v (X), R). 

2.11. Equivalence of ,4k and A v . In this section we will show that the highest 
weight i?-categories „4k and A v are equivalent. The proof uses rational double affine 
Hecke algebras and Suzuki's functor. Let us first give some reminders. Let f) = C™, 
let yi, . . . , y n be its standard basis and Xi, . . . , x n G f)* be the dual basis. Let Hi/ re 
be the rational double affine Hecke algebra associated with & n with parameter 1/k. 
It is the quotient of the smash product of the tensor algebra T(f) © f)*) with C(5„ 
by the relations 

[Vi, %i] = 1 + - Y] Sij, [Vi, Xj] = —s ij: 1 < i,j < n, i ^ j. 

K *■ — ' K 

Here denotes the element of & n that permutes i and j. Denote by B K the 
category O of H]/ re as defined in |GGORj . It is a highest weight C-category. Let 
{B K (X) | A G P n } be the set of standard modules. 

Now, let V = C m be the dual of the vectorial representation of go- For any 
object M in A K consider the action of the Lie algebra go <S) C[z] on the vector space 

T(M) = V® n ® M ® C[h] 

given by 

n 

{£® z a ){v ®m® /) = ^2t(i)(v) O m ® x a t f + v ® (-l) a (^ ® t~ a )m ® f 

i=l 

for i G flo, a G N, v G V® n , m G M, f G C[h]. Here is the operator on 1/®" 
that acts on the i-th copy of V by £ and acts on the other copies of V by identity. 
Suzuki defined a natural action of H^ K on the space of coinvariants 

<£ K (M) = H (5o®C[z],T(M)). 
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The assignment M M- <£ K (M) gives a right exact functor 

&k • A^ y B ^ ■ 

See [Su] or jW2l Section 2] for details. We have 

<£ K (M K {\)) = B K (X), 

and (2 K is an equivalence of highest weight categories |VV2[ Theorem A. 5.1]. 

Next, we consider the rational double afhne Hecke algebra Hi/k over R with 
parameter 1/k. The category O of H^k is defined in the obvious way. It is a 
highest weight P-category. We will denote it by £> k . The standard modules will be 
denoted by P k (A). The Suzuki functor over R 

<£ k : A -> 6k, A/ P (flo ® C[z], T(M)) 
is defined in the same way. It has the following properties. 

Lemma 2.12. (a) We have <£ k (M k (A)) = B k (X) for A G V n . 

(b) The functor £ k restricts to an exact functor — > B^. 

(c) The functor £ k maps a projective generator of Ak to a projective generator 
ofBk. 

Proof. The proof of part (a) is the same as in the nondeformed case. For part 
(b), since £ k is right exact over ^4 k , it is enough to prove that for any injective 
morphism / : M — > N with M, N G A£ the map 

Ck(/) : <£k(M) -> e k (JV) 

is injective. Recall from Lemma [2.11 that the W k .if-module M k (A)if is simple for 
any A. So the functor 

<£ k ,if : Au.,k ~^ S kj _R- 
is an equivalence. Hence the map 

<£k(/) ®fl * : ^,k(M k ) -v £k,x(iVK) 
is injective. Since both (E k (M) and £ k (iV) are free P-modules, this implies that 
*£k(/) is also injective. Now, let us concentrate on (c). Let P be a projective 
generator of „4 k . Then P(p) is a projective generator of A K . Since (£ re is an 
equivalence of categories, we have £ K (P(p)) is a projective generator of B K . By (b) 
the object £ k (P) belongs to B^, so it is free over R. Therefore by the Universal 
Coefficient Theorem we have 

(<£k(P))(p) = 

Hence <£ k (P) is a projective object of Z5 k . Note that for any A £ ?„ there is a 
surjective map P — > M k (A). The right exact functor (5 k sends it to a surjective 
map £ k (P) — > P k (A). This proves that £ k (P) is a projective generator of Z5 k . □ 

Proposition 2.13. Assume that k —3. T/ien i/iere exists an equivalence of 
highest weight R-categories 

A k ^ A 

which maps Af k (A) to W V (A) for any A S 7-V 
Proof. We first give an equivalence of highest weight categories 

$ : A k £ k 

as follows. Let P be a projective generator of ^4 k . Then Q = £k(P) is a projective 
generator of £> k by Lemma l2.12f c). By Morita theory we have equivalences of 
categories 

Honu k (P, -) : A 4 End^ k (P)°P-mod, 
Hom Bk (Q, -) : £ k ^> End Bk (Q) op -mod . 



JANTZEN FILTRATION 



15 



We claim that the algebra homomorphism 

End^ k (P) ^End Bk (Q), / ^ <S k (/), (2.10) 
is an isomorphism. To see this, note that we have 

Q{p) = <E re (P(p)), (Er«U(P))(p) = End Als (P(p)), (End Bk (Q))(p) = Endg K (Q(p)). 

Since l£ K is an equivalence, it yields an isomorphism 

End^ (P(p)) 4 End B „ (Q(p)), / H- <£«(/). 

Since both End^t k (P) and Endg k (Q) are finitely generated free R- modules, by 
Nakayama's lemma the morphism (|2.10[) is an isomorphism. In particular, it yields 
an equivalence of categories 

End^ k (P) op -mod S End Bk (Q) op -mod . 

Combined with the other two equivalences above, we get an equivalence of categories 

$ : Au -> B k . 

It remains to show that 

*(M k (A)) = P k (A), A e P„. 

Note that the functor €k yields a morphism of finitely generated P-modules 

Hom Bk (Q, $(M k (A))) = End Bk (Q)°P ® E „d^ k (P)op Hom^ k (P, M U (A)) 

-> Hom Bk (Q,(£ k (M k (A))) 

= Hom Bk (Q,P k (A)). 

Let us denote it by <p. Note also that we have isomorphisms 

Hoin4 k (P,Af k (A))(p) = Hom^(P(p),M K (A)), 

Hom Bk (Q,P k (A))(p) = Hom Bft (Q(p),P K (A)), 

and note that (£ K is an equivalence of categories. So the map <p(p) is an isomorphism. 
Further Hom Bk (Q, P k (A)) is free over P, so Nakayama's lemma implies that ip is 
also an isomorphism. The preimage of (p under the equivalence Hom Bk (<5, — ) yields 
an isomorphism 

$(M k (A)) ~ P k (A). 

Finally, if v ^ —1, i.e., n ^ —3, then by [Rj Theorem 6.8] the categories B k 
and A v are equivalent highest weight P-categories with Pk(A) corresponding to 
W V (A). This equivalence composed with $ gives the desired equivalence in the 
proposition. □ 

Corollary 2.14. Assume that k —3. Then for any X, \i 6 V n and i £ N we have 

[rM K (x)/r +1 M K (\) : l k (h)} = [rw v (x)/r +1 w v (x) ■. l v (h)}. (2.11) 

Proof. This follows from the proposition above and Proposition II .81 □ 

To prove the main theorem, it remains to compute the left hand side of (|2.1ip . 
This will be done by generalizing the approach of BB to the affinc parabolic case. 
To this end, we first give some reminders on ^-modules on affine flag varieties. 



3. Generalities on ^-modules on ind-schemes 

In this section, we first recall basic notion for ^-modules on (possibly singular) 
schemes. We will also discuss twisted ^-modules and holonomic ^-modules. Then 
we introduce the notion of ^-modules on ind-schemes following [BDj and [KVj . 
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3.1. Reminders on S?- modules. Unless specified otherwise, all the schemes will 
be assumed to be of finite type over C, quasi-separated and quasi-projective. Al- 
though a large number of statements are true in a larger generality, we will only use 
them for quasi-projective schemes. For any scheme Z, let £?z be the structure sheaf 
over Z. We write O(Z) for the category of quasi- coherent ^-modules on Z. Note 
that we abbreviate ^-module for sheaf of ^-modules over Z. For / : Z — > Y 
a morphism of schemes, we write /», /* for the functors of direct and inverse im- 
ages on 0(Z), 0(Y). If / is a closed embedding and ^ S O(Y), we consider the 
quasi-coherent ^-module 

It is the restriction to Z of the subsheaf of j$ consisting of sections supported 
scheme-theoretically on f(Z) C Y. 

Let Z be a smooth scheme. Let @z be the ring of differential operators on 
Z. We denote by M.(Z) the category of right ^-modules that are quasi-coherent 
as ^z-modules. It is an abelian category. Let Vtz denote the sheaf of differential 
forms of highest degree on Z. The category of right ^-modules is equivalent to the 
category of left ^-modules via jft H> Q,z ®e z ^ ■ Let i : Y — > Z be a morphism 
of smooth schemes. We consider the (@y, i _1 ^z)-bimodule 

We define the following functors 

i* : M(Z) -> M(Y), Jt ^ VL Y ®e Y {®y^z ®® z (^z ®e z 

i, : M(Y) ->■ M(Z), Ji (->• i*(JH 3> Y ^z)- 

For any . // 6 M(Y) let jtf e denote the underlying <^y-module of M . Then we 
have 

?W) = i*{jt) e . 

If i is a locally closed affine embedding, then the functor i. is exact. For any 
closed subscheme Z' of Z, we denote by M(Z, Z') the full subcategory of M(Z) 
consisting of 5^-niodules supported set-theoretically on Z'. If i : Y —> Z is a 
closed embedding of smooth varieties, then by a theorem of Kashiwara, the functor 
i t yields an equivalence of categories 

M(Y) = M.(Z, Y). (3.1) 

We refer to [HTTj for more details about ^-modules on smooth schemes 

Now, let Z be a possibly singular scheme. We consider the abelian category 
M(Z) of right ^-modules on Z with a faithful forgetful functor 

M(Z)->0(Z), Ji ^ Jt e 

as in [BD ( 7.10.3]. If Z is smooth, it is equivalent to the category M(Z) above, see 
BD, 7.10.12]. For any closed embedding i : Z —J- X there is a left exact functor 

i ] : M(X) -> M(Z) 

such that (v(^)) e = i\^i e ) for all j% . It admits an exact left adjoint functor 

i. : M(Z) -)• M(X). 

In the smooth case these functors coincide with the one before. If X is smooth, 
then z. and v yield mutually inverse equivalences of categories 

M(Z)~M(I2). (3.2) 

such that i ! oi, = Id, sec BD, 7.10.11]. Note that when Z is smooth, this is 
Kashiwara's equivalence (|3.1|i . We will always consider 5?- modules on a (possibly 
singular) scheme Z which is given an embedding into a smooth scheme. Finally, if 
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j : Y — > Z is a locally closed affine embedding and Y is smooth, then we have the 
following exact functor 

j. = v o (i o j). : M(Y) -> M(Z). (3.3) 
Its definition is independent of the choice of i. 

3.2. Holonomic ^-modules. Let Z be a scheme. If Z is smooth, we denote by 
M.h(Z) the category of holonomic ^-modules, see e.g., |HTT[ Definition 2.3.6]. 
Otherwise, let i : Z — > X be a closed embedding into a smooth scheme X. We 
define M/j(Z) to be the full subcategory of M(Z) consisting of objects ./# such 
that is holonomic. The category Mj,,(Z) is abelian. There is a (contravariant) 
duality functor on M/^Z) given by 

O : M h (Z) M h (Z), h+ r <Srfg™ x (i..#, ® x )) . 

For a locally closed affine embedding i : Y — > Z with Y a smooth scheme, the 
functor i, given by (PPI) maps M^F) to Mft(Z). We put 

= Doj,ol: M h (Y) -> M h (Z). 

There is a canonical morphism of functors 

ip : i\ — > i m . 

The intermediate extension functor is given by 

i\. : M h (Y) -> M ft (Z), ^ M- Im(^(^#) : iu^ 

Note that the functors i., i\ are exact. Moreover, if the embedding i is closed, then 
ij) is an isomorphism of functors it = i,. 

3.3. Weakly equivariant ^-modules. Let T be a linear group. For any T- 
scheme Z there is an abelian category M T (Z) of weakly T-equivariant right 
modules on Z with a faithful forgetful functor 

M T (Z) -> M(Z). (3.4) 

If Z is smooth, an object ^ of lsA T (Z) is an object j$ of M(Z) equipped with a 
structure of T-equivariant ^-module such that the action map >dt ®e z 'Sz — > ^ 
is T-equivariant. For any T-scheme Z with a T-equivariant closed embedding i : 
Z — > X into a smooth T-scheme X, the functor i m yields an equivalence M T (Z) = 
M T (X,Z), where M T (X, Z) is the subcategory of M T (X) consisting of objects 
supported set-theoretically on Z. 

3.4. Twisted ^-modules. Let T be a torus, and let t be its Lie algebra. Let 
7r : Z* — > Z be a right T-torsor over the scheme Z. For any object ,4( S M T (ZT) 
the ^-module ir*(^ ff ) carries a T-action. Let 

be the <f?z-submodule of 7r*(^ <? ) consisting of the T-invariant local sections. We 
have 

r(z,^) = r(zt,^) T . 

For any weight A G t* we define the categories M A (Z), M A (Z) as follows. 

First, assume that Z is a smooth scheme. Then Z^ is also smooth. So we have 
a sheaf of algebras on Z given by 

&z = 

and ./#^ is a right f^-module for any ^ £ M T (Zt). For any open subscheme 
U C Z the T-action on 7r _1 ([7) yields an algebra homomorphism 

S r : W(t) -> r(Z7, (3.5) 
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whose image lies in the center of the right hand side. Thus there is also an action 
of U(t) on commuting with the ^-action. For A G t* let itia C U{t) be the 
ideal generated by 

{h + X(h) | h e t}. 

We define M X (Z) (resp. M A (zJ)) to be the full subcategory of M T (Z t ) consisting 
of the objects ^ such that the action of m\ on is zero (resp. nilpotent). In 
particular M A (Z) is a full subcategory of M A (Z) and both categories are abelian. 
We will write 

r(z,..#) = r(z,^ t ), v^#eM A (z). (3.6) 

Now, let Z be any scheme. We say that a T-torsor ir : Z^ — > Z is admissible if 
there exists a T-torsor X' — > X with X smooth and a closed embedding i : Z — > X 
such that Z^ = X^ x x Z as a T-scheme over Z. We will only use admissible 
T-torsors. Let M X (X, Z), M A (A, Z) be respectively the subcategories of M X (X), 
M A (A) consisting of objects supported on ZL We define M X (Z), M X (Z) to be the 
full subcategories of M T (Z^) consisting of objects jjt such that belongs to 

M A (X, Z), M A (A, Z) respectively. Their definition only depends on 7r. 

Remark 3.1. Let Z be a smooth scheme. Let M(.S^) be the category of right 
^-modules on Z that are quasi- coherent as ^-modules. The functor 

M T (Z t ) ^ M(@l), Jt^Jt^ (3.7) 

is an equivalence of categories. A quasi-inverse is given by 7r*, see e.g., |BB1 Lemma 
1.8.10]. 

Remark 3.2. We record the following fact for a further use. For any smooth T-torsor 
7r : Z^ — > Z, the exact sequence of relative differential 1-forms 

7r*(f^) — > fi^t — > ^zyz — ► 

yields an isomorphism 

^zt = tt*(^z) ^zyz- 
Since ir is a T-torsor we have indeed 

^zt/z = G Z \ 

as a line bundle. Therefore we have an isomorphism of G z"< -modules 

fl z t =7T*(fi Z ). 

Below, we will identify them whenever needed. 

3.5. Twisted holonomic ^-modules and duality functors. Let n : Z* — > Z 

be an admissible T-torsor. We define 'M.'^(Z') to be the full subcategory of 'M T (Z') 
consisting of objects ^ whose image via the functor p. 41) belongs to M^(Z' 1 '). We 
define the categories M^(zT), M ; A (Z) in the same manner. 

Assume that Z is smooth. Then the category M. T (Z^) has enough injective 
objects, see e.g., |Kasl Proposition 3.3.5] and the references there. We define a 
(contravariant) duality functor on M^(zJt) by 

We may write W = W z ■ Note that by Remark 13.21 and the equivalence (|3.7[) we 
have 

$f z jtf = toz®e z ^%? z \jtf,9\ s ) 1 VleMV). (3.8) 

^ z 

For any A £ t* the functor D' restricts to (contravariant) equivalences of categories 
W : m{{Z) -S-M^(Z), W : M\{Z) -¥ M~ A (Z), (3.9) 
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see e.g., |BB[ Remark 2.5.5(iv)]. In particular, if A = then W yields a duality on 
M^(ZT), It is compatible with the duality functor B on M^(Z) defined in Section 
13.21 via the equivalence 

* : M° h (Z) -> M h (Z), Jt^rJ(^. 
given by p.7[) . More precisely, we have the following lemma 
Lemma 3.3. We have $oB' = Do$. 

The proof is standard, and is left to the reader. 

Similarly, for an admissible T-torsor ir : — >• Z with an embedding i into a 
smooth T-torsor X' — > A, we define the functor 

D' : Ml(Z^) -> Ml(Z^), Jt i-» rW x {i.(Jt)). 

Its definition only depends on tt. The equivalence p.9p and Lemma |3"U1 hold again. 

A weight A £ t* is integral if it is given by the differential of a character e A : 
T — >• C*. For such a A we consider the invertible sheaf _Sf^ S O(Z) defined by 

T{U,^) = { 1 eT{'K- 1 {U),& z ,)\ 1 {xh- 1 )=e x {h) 1 {x), (x,h)e7r- 1 (U)xT} 

for any open set U C Z '. We define the following translation functor 

Q x : Ml(Z^) -»■ M£(Z f ), J(^rJ(®e^ ?r*(jSf|). 

It is an equivalence of categories. A quasi-inverse is given by 0~ A . For any fi £ t* 
the restriction of A yields equivalences of categories 

6 A : Mf(Z) -> M£ +A (Z), 6 A : M£(Z) -4 M£ +A (Z). (3.10) 

We define the duality functor on M^(Z) to be 

B : M£(Z) -> M£(Z), ^# h-> 8 2A o H'{JK). 

It restricts to a duality functor on M^(Z), which we denote again by B. To avoid 
any confusion, we may write B = B A . The equivalence A intertwines the duality 
functors, i.e., we have 

B A +^o9 A = e A oB^. (3.11) 

For any locally closed affine embedding of T-torsors i : Z — > Y with Z smooth, 
we define the functor 

h = B o i. o B : M.l(Z) -> M.l(Y). 

As in Section |3.2[ we have a morphism of exact functors ip : i\ — > i m which is an 
isomorphism if i is a closed embedding. The intermediate extension functor i\ m is 
defined in the same way. 

Remark 3.4. Assume that Z is smooth. Let M £ M£(Z). Put fx = in (|3.10p . 
Using the equivalence $ we see that dft is a right module over the sheaf of algebras 

3% = % z x ® ffz ® z ®e z 

Further, we have 

B(.^)t = n z ® 0Z ®e z %l x ® ffz £xt%f z {^,@ z ) 
by Lemma [Q and (|3TTT]> . compare pCTTl (2.1.2)]. 
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3.6. Injective and projective limit of categories. Let us introduce the follow- 
ing notation. Let A be a filtering poset. For any inductive system of categories 
(C a )aeA with functors i a p : C a — > Cp, a ^ /3, we denote by 21irnCo, its inductive 
limit, i.e., the category whose objects are pairs (a,M a ) with a £ A, M a £ C a and 

Hom 2 iimc Q1 ((Q!,M' a ), (P,Np)) = Inn Romc y (i ay (M a ),ip y (Np)). 

For any projective system of categories (C a ) a ^A with functors j a p : Cp C a , 
a ^ P, we denote by 2hm C a its projective limit, i.e., the category whose objects 
are systems consisting of objects M a £ C Q given for all a £ A and isomorphisms 
jap(Mp) — > M a for each a ^ /3 and satisfying the compatibility condition for each 
ct ^ j3 ^ 7. Morphisms are defined in the obvious way. See e.g., |KV1 3.2, 3.3]. 

3.7. The ^"-modules on ind-schemes. An ind-scheme X is a filtering inductive 
system of schemes (X a ) ae A with closed embeddings i a p : X a — > Xp for a ^ j3 
such that X represents the ind-object "lim"X Q . See |KS1 1.11] for details on ind- 
objects. Below we will simply write lim for "lim", hoping this does not create 
any confusion. The categories 0(X a ) form a projective system via the functors 
i l a p : O(Xp) 0(X a ). Following [BDj 7.11.4] and [KVl 3.3] we define the category 
of ^-modules on X as 

0(X) = 21imO(X Q ). 
It is an abelian category. An object of O(X) is represented by 

Ji — {Jta, (f a p ■ I'ap-dStp -> -d a ) 

where ^ a is an object of 0(X a ) and <p a p, a ^ /3, is an isomorphism in 0(X a ). 

Note that any object ^ of O(X) is an inductive limit of objects from 0(X a ). 
More precisely, we first identify 0(X a ) as a full subcategory of 0(X) in the fol- 
lowing way: since the poset A is filtering, to any £ 0(X Q ) we may associate a 
canonical object [y¥p) in O(X) such that jVp = i a p*{-^a) for a ^ /3 and the struc- 
ture isomorphisms ipp-y, ft 7, are the obvious ones. Let us denote this object in 
0(X) again by Given any object ^# £ OP0 represented by ^# = <p a p), 
these ^ a € O(X), a £ A, form an inductive system via the canonical morphisms 
— > Mp. Then, the ind-object lim M a of O(X) is represented by So, we 
define the space of global sections of .d to be the inductive limit of vector spaces 

T{X,JK) = lunT{X a ,^ a ). (3.12) 

We will also use the category 0(X) defined as the limit of the projective system 
of categories (0(X a ) : i* a/3 ), see (BD1 7.11.3] or [KVl 3.3]. Note that the canonical 

isomorphisms i* a p&x p — @x a yield an object (&x a )aeA in 0(X). We denote 
this object by &x- An object & £ 0(X) is said to be flat if each JF Q is a flat 
@x a -module. Such a & yields an exact functor 

0(X) -> 0(X), Jt H-* Jt ® ffx & = (j# a ®e Xa ^ a ) a &A- (3.13) 

For & £ 0(X) the vector spaces T(X a , & a ) form a projective system with the 
structure maps induced by the functors We set 

T(X,^)=]jmr{X a ,& a ). (3.14) 

3.8. The ^-modules on ind-schemes. The category of ^-modules on the ind- 
scheme X is defined as the limit of the inductive system of categories (M(X a ), i a p,), 
see e.g., [KVl 3.3]. We will denote it by M.(X). Since M.(X a ) are abelian categories 
and i a p, are exact functors, the category M(X) is abelian. Recall that an object 
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of M(X) is represented by a pair (a,^ a ) with aei, 6 M(X Q ). There is an 
exact and faithful forgetful functor 

M(X) ->■ O(X), ^ = (a,^# Q ) -» ^ = (v.f^j^Wa. 

The global sections functor on M(A) is defined by 

T(X,J?) = Y(X,J? e> ). 

Next, we say that X is a T -ind- scheme if X = lim X a with each X a being 
a T-scheme and i a p : X a — > A^ being T-equi variant. We define M T (A) to 
be the abelian category given by the limit of the inductive system of categories 
(M. T (X a ), i a /3»)- The functors (I3.4[) for each X a yield an exact and faithful functor 

M T (X) -» M(X). (3.15) 

The functor T on M T (X) is given by the functor T on M(A). 

Finally, given a T-ind-scheme X = liml a let it : X^ — > X be a T-torsor over 
X, i.e., 7r is the limit of an inductive system of T-torsors ir a : X^, — > X a . We 
say that it is admissible if each of the n a is admissible. Assume this is the case. 
Then the categories M A (A Q ), M A (A a ) form, respectively, two inductive systems 
of categories via i a p,- Let 

M A (A) = 21imM A (A Q ), M A (A) = 21imM A (A Q ). 

They are abelian subcategories of M T (X t ). For any object M — (a, Jia) of 
M T (X^), the ^x^-modules (ia/Sm^aY with /3 ^ a give an object of O(X). We 
will denote it by jjift . The functor 

M T (A 1 ') -> O(X), Ji ^ Ji^ 

is exact and faithful. For € M A (A) we will write 

Y(Jt) = T(X,^). (3.16) 

Note that it is also equal to r(X^, ^#) T . We will consider the following categories 

M A (A) = 21imM A (A Q ), M A (A) = 21imM A (A tt ). 

Let Y be a smooth scheme. A locally closed affine embedding i : Y — > X is the 
composition of an afhne open embedding i\ : Y — > Y with a closed embedding 
«2 : V — > X. For such a morphism the functor i, : M^(F) — > M^(A) is defined by 
i% = «2» ° and the functor i\ : M^(y) — > M^(A) is defined by i\ — i^% ° in. 

3.9. The sheaf of differential operators on a formally smooth ind-scheme. 

Let A be a formally smooth^ ind-scheme. Fix /3 ^ a in A. Let £Fi/f a a be the 
^X/s xXa-submodule of J^°omc(Gxp , i a fi*^x a ) consisting of local sections supported 
set-theoretically on the diagonal X a C Ag x A Q . Here ifomc(^,! a( 9*^x Q ) 
denotes the sheaf of morphisms between the sheaves of C-vector spaces associated 
with @Xfs and i a /i*^x a - As a left ^x a -module @iff p is quasi-coherent, see e.g., 
|BB[ Section 1.1]. So it is an object in 0(A Q ). For j3 ^ 7 the functor i^ 7 * and the 
canonical map Gx~, i/3-y*^Xa yield a morphism of -modules 

Jfom c {0'x l3 ,i a i3*0x a ) ->• ^om c (^ , x 7 ,ia 7 *^ , x Q )- 

It induces a morphism SfyfJ — ► ^iff a in 0(A Q ). The ^ -modules Sliff p, a , 
ft ^ a, together with these maps form an inductive system. Let 

W« = Inn e 0(A Q ). 



See |BDI 7.11.1] and the references there for the definition of formally smooth. 
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The system consisting of the @iff a 's and the canonical isomorphisms i* a p !3>iff p — > 
<2>iff a is a fiat object in 6(X), see [RDl 7.11.11]. We will call it the sheaf of 
differential operators on X and denote it by Six- It carries canonically a structure 
of ^x-bimodules, and a structure of algebra given by 

Any object ^# € M(X) admits a canonical right ^jf-action given by a morphism 

<8>«? x S>x ^ ^ (3.17) 
in O(X) which is compatible with the multiplication in *3lx- 

4. Localization theorem for affine Lie algebras of negative level 

In this section we first consider the affine localization theorem which relates right 
^-modules on the affine flag variety (an ind-scheme) to a category of modules over 
the affine Lie algebra with integral weights and a negative level. Then we compute 
the ^-modules corresponding to Verma and parabolic Verma modules. All the 
constructions here hold for a general simple linear group. We will only use the case 
of SL m , since the multiplicities on the left hand side of (|2.11l) that we want to 
compute are the same for sl m and gl m . We will use, for s[ m , the same notation as 
in Section [5] for gl m . In particular g = sl m and tj$ is now given the basis consisting 
of the weights e, — e J+ i with 1 i ^ m — 1. We identify V n as a subset of tg via 
the map 

m 

V n -> tp, A= (Ai, . . . , A m ) i y ~ n/m)ti. 

i=l 

Finally, we will modify slightly the definition of g by extending C[t,i _1 ] to C((i)), 
i.e., from now on we set 

= jjo <g> C((t)) © CI © Cd. 

The bracket is given in the same way as before. We will again denote by b, n, q, 
etc., the corresponding Lie subalgebras of g. 

4.1. The affine Kac-Moody group. Consider the group ind-scheme LGq = 
C?o(C((i))) and the group scheme L + Gq = Go(C[[t]}). Let / C L + Gq be the Iwahori 
subgroup. It is the preimage of Bq via the canonical map L + Gq — > Gq. For z G C* 
the loop rotation 1 1-4 zt yields a C*-action on LGq. Write 

LG = C* k LGq, 

Let G be the Kac-Moody group associated with g. It is a group ind-scheme which 
is a central extension 

1 C* G -> LG -> 1, 
see e.g., |Ku2[ Section 13.2]. There is an obvious projection pr : G — > LGq. We set 

S = pr- 1 (7), Q = W - 1 (L+G ), T = pr- 1 (T ). 

Finally, let TV be the prounipotent radical of B. We have 

g = Lie(G), b=Ue(B), q = Lie(Q), t = Lie(T), n = Lie(iV). 
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4.2. The affine flag variety. Let X = G/B be the affine flag variety. It is a 
formally smooth ind-scheme. The enhanced affine flag variety X' = G/N is a 
T-torsor over X via the canonical projection 

n:X^X. (4.1) 

The T-action on X* is given by gN gh~ 1 N for h <E T, g e G. The T-torsor 7r is 
admissible, see the end of Section lA.il The ind-scheme X* is also formally smooth. 
For any subscheme Z of X we will write Z' = n^ 1 {Z). The B-orbit decomposition 
of X is 

I=yi„, X w = BwB/B, 
wee 

where w is a representative of w in the normalizer of T in G. Each X^, is an affine 
space of dimension l(w). Its closure X w is an irreducible projective variety. We 
have 

X w = | | X w >, X = limX w . 

w ' 5^ w w 

4.3. Localization theorem. Recall the sheaf of differential operators iFxt £ 
O(XT). The space of sections of Slxt is defined as in (|3.14l) . The left action of 
GonX' yields an algebra homomorphism 

5 r . u( )^r(x\@ xi ). (4.2) 

Since the G-action on X* commutes with the right T-action, the image of the map 
above lies in the T-invariant part of T{X\ Sl x \\ So for JC e M T (X t ) the 9 X \- 
action on M given by (|3.17[) induces a g-actioro on jtff^ via Si . In particular the 
vector space T(^#) as defined in (|3.16l) is a g-module. Let M(g) be the category of 
g-modules. We say that a weight A G t* is antidominant (resp. dominant, regular) 
if for any a G II + we have (A : a) ^ (resp. (A : a) ^ 0, (A : a) ^ 0). 

Proposition 4.1. (a) The functor 

r : M X (X) -> M(g), Jgy+T(JK) 

is exact if A + p is antidominant. 
(b) The functor 

r : M X (X) -»• M(fl), ^^r(^) 
is exoci if X + p is antidominant. 

Proof. A proof of part (a) is sketched in [BD[ Theorem 7.15.6]. A detailed proof can 
be given using similar technics as in the proof of the Proposition IA.2I below. This 
is left to the reader. See also |FG[ Theorem 2.2] for another proof of this result. 
Now, let us concentrate on part (b). Let ^ — (a, -# a ) be an object in M A (X). By 
definition the action of triA on is nilpotent. Let be the maximal subobject 
of jtft such that the ideal (triA) n acts on jjQ D y z6 ro. We have j% n —\ C <M n an d 
. // = lim^# w . Write R k T(X, — ) for the fc-th derived functor of the global sections 
functor T(X, — ). Given n ^ 1, suppose that 

R k T(X,^) = 0, V/c>0. 

Since „4K n +\/ df n is an object of M A (X), by part (a) we have 

i? fc F(x, (^; l+1 /^' n ) t ) = o, vfc>o. 

The long exact sequence for BF(X, — ) applied to the short exact sequence 

o — > — ► — > („# n+1 /^r„) t — > o 



More precisely, here by g-action we mean the g-action on the associated sheaf of vector spaces 
(^#t) c , see Step 1 of the proof of Proposition I A. 2l for details. 
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implies that R k T(X, = for any k > 0. Therefore by induction the vector 

space R k T(X, ^# r [) vanishes for any n ^ 1 and fc > 0. Finally, since the functor 
R k T(X, — ) commutes with direct limits, see e.g., |TT1 Lemma B.6], we have 

R k T(X,^) = \miR k T(X,^ 1 l) = 0, V k > 0. 

□ 

4.4. The category O k and Verma modules. For a t-module M and A £ t* let 

M- x = {me M | (ft - X(h)) N m = 0, V ft G t, N > 0}. (4.3) 
We call a t-module M a generalized weight module if it satisfies the conditions 

M = M X , 

Ae K t* 

dim c Af^ < oo, V A G t*. 
Its character ch(M ) is defined as the formal sum 

ch(M) = ^ dim c (M^)e\ (4.4) 
Aet* 

Let (5 be the category consisting of the W(g)-modules M such that 

• as a t-module M is a generalized weight module, 

• there exists a finite subset Set* such that ^ implies that A G 

The category O is abelian. We define the duality functor D on O by 

DM = Hom(A^ , C) , (4.5) 

Aet* 

with the action of g given by the involution <j, see Section I2T3"1 Let O k be the full 
subcategory of O consisting of the g-modules on which 1 — (k — m) acts locally 
nilpotently. The category €> K is also abelian. It is stable under the duality functor, 
because <r(l) = 1. The category O k is a Serre subcategory of O k . For A G K t* we 
consider the Verma module 

A K (A) = IA{q) ® u{b) C A . 

Here <C\ is the one dimensional b-module such that n acts trivially and t acts by 
A. It is an object of O k . Let L K {X) be the unique simple quotient of N K (X). We 
have DL K (A) = L K (X) for any A. A simple subquotient of a module M G O k is 
isomorphic to L K (X) for some A G K t*. The classes [L K (A)] form a basis of the vector 
space [O k ], because the characters of the L K (A)'s are linearly independent. 

Denote by A the set of integral weights in K t*. Let A G A and w G 6. Recall the 
line bundle Jzfy from Section I3~5l Let 

^=n xl ®e xl n*(J?>lJ. (4.6) 
It is an object of Mt (X w ) and 

D« A ) = <■ 

Let i w : Xj, — > X^ be the canonical embedding. It is locally closed and affine. We 
have the following objects in M^(A), 

We will consider the Serre subcategory M A (A) of M^(JT) generated by the simple 
objects =2^1. for w G &. It is an artinian category. Since B(«e^ !# ) = -s^i., the 
category M A (X) is stable under the duality. We have the following proposition. 
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Proposition 4.2. Let A £ A such that X + p is antidominant. Then 
(a) r(*£,) = N K (w • A), 



(c) r«„) 



L K {w - A) i/u; is £/ie shortest element in w&(\), 
efee. 



The proof of the proposition will be given in Appendix [XJ It relies on results of 
Kashiwara-Tanisaki |KT1) and uses translation functors for the affine category O. 

4.5. The parabolic Verma modules. Let 93 be the set of the longest repre- 
sentatives of the cosets &o\&. Let u>o be the longest element in &q. Recall the 
following basic facts. 

Lemma 4.3. For w £ & if w ■ A £ A + for some A £ A with A + p antidominant, 
then w £ 9g . Further, ifwG < ~%5 then we have 

(a) the element w is the unique element v in &qw such that TIq C — v (II + ) ; 

(b) for any v £ @o we have l(vw) = l(w) — l(v), 

(c) the element wqw is the shortest element in &qw. 

The Q-orbit decomposition of X is given by 

X= |J Y w , Y w = QwB/B. 

Each Y w is a smooth subscheme of X, and X w is open and dense in Y w . The closure 
of Y w in X is an irreducible projective variety of dimension l(w) given by 

Y - II Y i 

Recall that Y^ — n^ 1 (Y w ). The canonical embedding j w : YJ, — > X^ is locally 
closed and affine, see Remark l5.2f b). For A £ A and w £ 93 let 

= n y t ®* yt tt*(JS#J. (4.7) 
We have the following objects in Mt(X) 

Now, consider the canonical embedding r : X^ — > Y^. Since r is open and affine, 
we have r* = r' and the functors 

(r*t, r — r* , r.) 

form a triple of adjoint functors between the categories M.^(Y W ) and M.^(X W ). 
Note that r*(^*) = 

Lemma 4.4. For A £ A and w £ 95 the following holds. 

(a) The adjunction map r\r* — > Id yields a surjective morphism in M^(l^,) 

r,« A )^^. (4.8) 

(b) The adjunction map Id — > r.r* yields an injective morphism in 'M.^(Y W ) 

<%l ^r.« A ). (4.9) 

Proof. We will only prove part (b). Part (a) follows from (b) by applying the duality 
functor D. To prove (b), it is enough to show that the G Y \ -module morphism 

{^) & ^{r.r*{^)) & (4.10) 
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is injective. Since r is an open embedding, the right hand side is equal to r»r* ((^^)^) ■ 
Now, consider the closed embedding 

s ■ yt _ x * s- y t 

The morphism f|4. 10[) can be completed into the following exact sequence in O(i^J), 

o -+ -+ (^r r.r* 

see e.g., [HTTI Proposition 1.7.1]. The ^-module {38*) e is locally free. So it 
has no subsheaf supported on the closed subscheme — X.J,. We deduce that 
i*i ! = 0- Hence the morphism (|4.10[) is injective. □ 

Lemma 4.5. For A G A and w G ®& we have 

Proof. By applying the exact functor j w , to the map (|4.9p we see that 3tK^ t is a 
subobject of srf^ % in M^(X). In particular Z%^\» is a simple subobject of srf^,. So 
it is isomorphic to ^ 

Proposition 4.6. Lei A G A smc/i i/iaf A + p is antidominant, and let w G OS. 

(aj // i/iere exists a G n + suc/i that {w(X + p) : a) — 0, then 

r(^,) = o. 

(b) We have 

(w{\ + p) : a) ^ 0, V a G 11+ ^==> w ■ A G A+. 
In this case, we have 

r(^,) = M K {w • A), = DM s (m • A). 

(c) We have 

L K {w - A) if w is the shortest element in w&(X), 
else. 



Proof. The proof is inspired by the proof in the finite type case, see e.g., [M] 
Theorem G.2.10]. First, by Kazhdan-Lusztig's algorithm (see Remark 16. 3[) . the 
following equality holds in [Mq(X)] 

[^]= £(-i)' ( "HU ( 4 - n ) 

yee 

Since X + p is antidominant, the functor T is exact on Mq(X) by Proposition ^. 1 f a) . 
Therefore we have the following equalities in [0 K ] 

[r(^,)] = £ (-i)' ( ^r(<,,)] 

J/6S 

= E(-l)^>[7V K ( yw .A)]. (4.12) 

Here the second equality is given by Proposition l4.2l Now, suppose that there exists 
a G II + such that (w(X + p) : a) — 0. Let s a be the corresponding reflection in So- 
Then we have 

s a w ■ X — w ■ X . 

By Lemma E2Kb) we have l(w) = l(s a w) + 1. So the right hand side of (|4.12j) 
vanishes. Therefore we have T(&*,) — 0. This proves part (a). Now, let us 
concentrate on part (b). Note that A + p is antidominant. Thus by Lemma l4.3f a) 
we have (w(X + p) : a) G N for any a G n + . Hence 

(w(X + p) : a) ^ <^ (w(X + p) : a) > 1 ^> (w • A : a) ^ 0. 
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By consequence (w(X + p) : a) ^ for all a € if and only if w • A belongs 
to A + . In this case, the right hand side of (|4.12l) is equal to [M K (w ■ A)] by the 
BGG-resolution. We deduce that 

[r(^,)] = [M K (w • A)]. (4.13) 

Now, applying the exact functor j\ to the surjective morphism in (14.81) yields a 
quotient map SS^ -)■ s4* x in M X (X). The exactness of L implies that T(SS^) is 
a quotient of N K (w ■ A) = r(gf x ,). Since M K (w • A) is the maximal qdocally-fmite 
quotient of N K (w ■ A) and r(^ A l! ) is qdocally finite, we deduce that r(^ ,A l! ) is a 
quotient of M K (w - A). So the first equality in part (b) follows from (|4.13l) . The 
proof of the second one is similar. Finally, part (c) follows from Lemma 14.51 and 
Proposition [4721 □ 

Remark 4.7. Note that if w G *33 is a shortest element in w&(\), then we have 
(w(A + p) : a) ^ for all a G IIq~. Indeed, if there exists a G Hq such that 
(w(X + p) : a) =0. Let s' = w~ 1 s a w. Then s' belongs to 6(A). Therefore we 
have l(ws') > l(w). But ws' — s a w and s a G So, by Lemma T4.3I we have l(ws') — 
l(s a w) < l(w). This is a contradiction. 



5. The geometric construction of the Jantzen filtration 

In this part, we give the geometric construction of the Jantzen filtration in the 
affine parabolic case by generalizing the result of |BBj . 

5.1. Notation. Let R be any noetherian C-algebra. To any abelian category C we 
associate a category Cr whose objects are the pairs (M, pm) with M an object of C 
and pm '■ R Endc(-M) a ring homomorphism. A morphism (M,pm) — ► {N,pn) 
is a morphism / : M — > N in C such that pn(t) ° / = / ° PM{r) for r G R. The 
category Cr is also abelian. We have a faithful forgetful functor 

for:C R ^C, (M,p M )^M. (5.1) 

Any functor F : C — > C gives rise to a functor 

F R : C R -> C' R , (M, p M ) ^ (F(M), Pf(m)) 

such that PF(M)( r ) = F{^m{t)) for r G F. The functor Fr is Fdinear. If F is 
exact, then Fr is also exact. We have for o Fr = F o for. Given an inductive 
system of categories (C a , i a p), it yields an inductive system ((C a )ij, (« q /3)_r), and we 
have a canonical equivalence 

(2^C a )n = 2\hR{{C a ) R ). 

5.2. The function f w . Let Q' = (Q,Q) be the commutator subgroup of Q. It 
acts transitively on YjJ for u> G *3S. We have the following lemma. 

Lemma 5.1. For any w G 95 £/iere exists a regular function f w : Y w — > C suc/i 
^/- x (0)=F^-yJ and 

Uiqxh- 1 ) = e w ""°(h)f w (x), q G Q' , x G 1^, h G T. 

Proof. Let denote the simple g-module of highest weight wo- It is integrable, 
hence it admits an action of G. Let vq G V be a nonzero vector in the weight space 
V Uo . It is fixed under the action of Q'. So the map 

ip : G -> V", j4 5 _1 u 
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maps QwB to Bw^Vq for any w € *^S. Let T^(ui _1 ) be the ^/(b)-suhmodule of V 
generated by the weight space V w -i Uo . We have Bw~ 1 vq C V(w^ 1 ). Recall that 
for w' £ ^5 we have 

w' < w (w')^ 1 < w^ 1 

(w'y^vo £ nw _1 ii , (5.2) 

see e.g., |Ku21 Proposition 7.1.20]. Thus, if w' < w then (p(Qw'B) C V(w _1 ). 
The C-vector space V(w^ 1 ) is finite dimensional. We choose a linear form l w : 
Viw^ 1 ) -> C such that 

l w (w~ Vo) 7^ and l w (nw~ vq) = 0. 

Set f w = l w o <p. Then for q £ Q' ', h 6 T, u £ N we have 

f w (qwh~ 1 u) = l w (u~ 1 hw~ 1 v ) 

A similar calculation together with (|5.2p yields that f w (Qw'B) = for w' < w. 
Hence f w defines a regular function on U U) / <U) Qw'B which is invariant under the 

right action of N. By consequence it induces a regular function f w on Y^ w which 
has the required properties. □ 

Remark 5.2. (a) The function f w above is completely determined by its value on 
the point wN/N, hence is unique up to scalar. 

(b) The lemma implies that the embedding j w : — > X' is affine. 

(c) The function f w is an analogue of the function defined in [BB, Lemma 3.5.1] 
in the finite type case. Below we will use it to define the Jantzen filtration on 33^. 
Note that BB 's function is defined on the whole enhanced flag variety (which is 
a smooth scheme). Although our f w is only defined on the singular scheme Y w , 
this does not create any problem, because the definition of the Jantzen filtration is 
local (see Section 15. 5p , and each point of Y w admits a neighborhood V which can 
be embedded into a smooth scheme U such that f w extends to U. The choice of 
such an extension will not affect the filtration, see jBBl Remark 4.2.2 (iii)] . 

5.3. The ^-module S§ {n) . Fix A 6 A and w £ Q &. In the rest of Section [SJ we 
will abbreviate 

3 = 3w, I = /», 38 = &\ = etc. 

Following BB we introduce the deformed version of 38. Recall that R = C[[s]] and 
p is the maximal ideal. Let x denote a coordinate on C. For each integer n > set 
= R{p n ). Consider the left ^.-module 

jr(») = (G c , ® R {n) )x s . 

It is a rank one Gc* ® -module generated by a global section x s such that 
the action of 2>c* is given by xd x {x s ) = s{x s ). The restriction of / yields a map 
-> C*. Thus f*J?( n ) is a left y j- <g> E^-module. So we get a right ®R^>- 
module 

Lemma 5.3. The right S> y \ ® R (n) -module 38^ is an object ofM.\{Y w ). 
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Proof. Since is a C-algebra of dimension n and 8$ is locally free of rank one 
over (? Y u the & Y \ -module is locally free of rank n. Hence it is a holonomic 

-module. Note that the S>c* -module J' 1 ^ is weakly T-equivariant such that x s 
is a T-invariant global section. Since the map / is T-equivariant, the $> Y t -module 
j*y(n) - 1S a j g0 wea kiy T-equivariant. Let f s be the global section of /*J^( n ) given 
by the image of x s under the inclusion 

r(C*, jr (n) ) c r (y i t ) f*jr(n)y 

Then f s is T-invariant. It is nowhere vanishing on YJ. Thus it yields an isomor- 
phism of G Y \ ® R^ n ' -modules 

f*jr(n) & ff^ 
By consequence we have the following isomorphism 

= (l Ya ®e Ya 3?y w ®0y w {@y w ® R (n) )- 

See Remark 13.21 for the first equality. Next, recall from (|3.5p that the right T-action 
on yields a morphism of Lie algebras 

The right 3> Y ^ -module structure of f*(J^^) is such that 

(/ s • S r (h))(m) = sw^uoi-Qfim), V m e ^. 

So the action of the element 

ft + A(/i) + 8w- l ua(h) e U{1) ® 

on (<S$( n ))t via the map <5 r vanishes. Since the multiplication by s on (^( n ))t is 
nilpotent, the action of the ideal m\ is also nilpotent. Therefore belongs to 

the category M^(Y W ). □ 

It follows from the lemma that we have the following objects in M^pT) 
£gf") = £gf. n) = j,.(,# n) ), ^i n) = j.(^ (n) ). 

5.4. Deformed parabolic Verma modules. Fix A G A and w £ 95 as before. 
Let n > 0. If w • A G A + we will abbreviate 

M K = M K (w\), M k = M k (wA), M k n) = M k (p"), D^ n) = (DM k )(p"). 

Note that the condition is satisfied when w is a shortest element in w&(\), see 
Remark |4~T1 

Proposition 5.4. Assume that X + p is antidominant and that w is a shortest 
element in w&{X). Then there are isomorphisms of QrM -modules 

T(M n) ) = M k n) , L(^i n) ) = DM k n) . 
The proof will be given in Appendix [Bj 
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5.5. The geometric Jantzen filtration. Now, wc define the Jantzen filtration 
on 3S\ following [BBj Sections 4.1,4.2]. Recall that @W is an object of Mf t (Y w ). 
Consider the map 

H : R {n) -> End M x (y<ii) (^ (n) ), /x(r)(m) = rra, 

where m denotes a local section of . Then the pair is an object of the 

category Ml(Y w ) RM defined in Section KT\ We will abbreviate 36^ = {38^ n \n). 
Fix an integer a 0. Recall the morphism of functors ip ; j\ —> j m . Wc consider the 
morphism 

in the category M^(X)jj(r>) given by the composition of the chain of maps 

(5.3) 

The category M.^(X) R ( n ) is abelian. The obvious projection R^ — )• yields 
a canonical map 

Coker(i/)(a, n)) — ► Coker(-0(a, n — 1)). 

By [Bj Lemma 2.1] this map is an isomorphism when n is sufficiently large. We 
define 

7r a (^) = Cokcr(^(a, n)), n > 0. (5.4) 

This is an object of M^(X) fl ( n ) . We view it as an object of M^(JT) via the forgetful 
functor (|5.ip . Now, let us consider the maps 

a : ->• tt 1 ^), /3 : tt 1 ^) ^ 7r°(^) 
in M^(X) given as follows. First, since 

tt (3§) = Coker(i/; (,#"))) and tt 1 ^) = Coker(V>(^ (n) ) o j\{n(s))), 

there is a canonical projection it 1 (S3) — s> tt°(£$). We define /3 to be this map. Next, 
the morphism ip(^ n ^) maps j\\s{3§^)) to Im(^>(l,n)). Hence it induces a map 

Composing it with the isomorphism ^ = ^ n '/s(£§^) we get the map a. Let /x 1 
denote the R^ -action on n 1 ^). Then by [B] the sequence 

0—>3g< -2W(#) -Att ^) — >0, (5.5) 
is exact and a induces an isomorphism 

@\ -> Ker(^ 1 (s) : tt 1 ^) -> tt 1 ^)). 
The Jantzen filtration of is defined by 

J l (^i) =Ker( A1 1 (s))nlm(/i 1 (s)' i ), V t> 0. (5.6) 

5.6. Comparison of the Jantzen filtrations. Fix A £ A and w S ®&. Consider 
the Jantzen filtration (J*M K ) on M K as defined in Section 12.31 The following 
proposition compares it with the geometric Jantzen filtration on £3\ . 

Proposition 5.5. Assume that X + p is antidominant and that w is a shortest 
element in w&(\). Then we have 

J l M K = T{J l m), V O 0. 
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Proof. By Proposition I4.6f b) and Proposition 15 .41 we have 

r(#i ) = m k , r {M n) ) = , r ) = d m£° . 

So the map 

= r(v>(# w )) : r(^, (n) ) -> r(^i n) ). 

identifies with a rj fl („) -module homomorphism 

Consider the projective systems (M^ ), (DM^ ), n > 0, induced by the quotient 
map i?( n ) — > R^ 71 ^ 1 ^. Their limits are respectively M k and DM k . The morphisms 
4>( n \ n > 0, yield a morphism of g^-modules 

= lim0 (n) : M k -> DM k 

such that 

4>{p) = = Tty{!g)). 
The functor T is exact by Proposition ^. II So the image of 4>(p) is V (&),). It is non 
zero by Proposition 14.6( c) . Hence <f> satisfies the condition of Definition 1 1 . 61 and we 
have 

J l M K = ({x £ M k | <j>{x) £ s'DM k } + sM k ) /sM k . 

By Lemma 12. II and Remark 11.71 the map <f> is injective. So the equality above can 
be rewritten as 

J l M K = (0(M k ) n s'Dtft + S 0(M k ))/s<^(M k ). 
Now, for a ^ let 

4>{a, n) : M k n) -+ DM^ 
be the -module homomorphism given by the composition 



M W M (n) DM W (5 . 7) 

Then we have r(^(a, n)) = 4>(a,n). Since T is exact, we have 

Coker(0(a,n)) = r(Coker(V>(a, »))) . 

So the discussion in Section 15.51 and the exactness of T yields that the canonical 
map 

Coker(0(a, n)) —> Coker(0(a,n — 1)) 
is an isomorphism if n is large enough. We deduce that 

DM k /s a M k = Coker(0(a,n)) = r(7r a (^)), n > 0, 

see (|5.4[) . The action of fi(s) on DM k /s a 0(Mk) is nilpotent, because /i(s) is nilpo- 
tent on T)M^\ Further T maps the exact sequence (15.51) to an exact sequence 

— > M K — > T>M k /s(/>(M k ) — > DM k />(M k ) — > 0, (5.8) 

and the first map yields an isomorphism 

M K = Ker (/x(s) : DM k /s0(M k ) -> DM k /s0(M k )). 

Note that since DMk is a free i?-module, for x G DMk if sx £ s0(Mk) then 
x £ <f)(Mk). So by (I5.6[) and the exactness of T, we have for i ^ 0, 

r(J l ^i) = Ker(/i(s)) nlm(/i(s) ! ) 

= (0(M k ) n S ' ; DM k + S </»(M k ))/ S 0(M k ) 

= J l M K . 

The proposition is proved. □ 
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6. Proof of the main theorem 

6.1. Mixed Hodge modules. Let Z be a smooth scheme. Let MHM(Z) be the 

category of mixed Hodge modules on Z [Sa] . It is an abelian category. Each object 
j$ of MHM(Z) carries a canonical filtration 

WJV = ■■■ W k Jl D w k - x j( 

called the weight filtration. For each k £ Z the Tate twist is an auto-equivalence 

(jfe) : MHM(Z) ->■ MHM(Z), Ji ^ Ji{k) 

such that W(J?{k)) = M /,+2fe (^#). Let Perv(Z) be the category of perverse 
sheaves on Z with coefficient in C. There is an exact forgetful functor 

: MHM(Z) -> Perv(Z). 

For any locally closed affine embedding i : Z — » F we have exact functors 

i u i.: MHM(Z) -> MHM(7) 

which correspond via g to the same named functors on the categories of perverse 
sheaves. 

If Z is not smooth we embed it into a smooth variety Y and we define MHM(Z) 
as the full subcategory of MHM(Y") consisting of the objects supported on Z. It is 
independent of the choice of the embedding for the same reason as for ^-modules. 

6.2. The graded multiplicities of in £§^\. Now, let us calculate the multi- 
plicities of a simple object SS^ % in the successive quotients of the Jantzen filtration 
of SS^ for x, w £ Q& with x < w. 

We fix once for all an element v £ &, and we consider the Serre subcategory 
M§(X V ) of Mfc(X v ) generated by the objects s/*, m with w ^ v, w £ 6. The De 
Rham functor yields an exact fully faithful functor 

DR : M X (X„) — ► Perv(X„). 

See e.g., [KTT1 Section 4]. Let MHM (I 8 ) be the full subcategory of MHM(I„) 
consisting of objects whose image by g belong to the image of the functor DR. 
There exists a unique exact functor 

n : MHM (I„) -> M A (X„) 

such that DR077 = g. An object ^# in MHMo(I„) is pure of weight i if we have 
W k \J( /W k ~ 1 j$ = for any k ^ i. For any w £ &, w ^ v, there is a unique 
simple object srf£ in MHM(X U1 ) pure of weight l(w) such that T}(£f£) — s^^, see 
e.g. [KT2] . Let 

They are objects of MHM (I„) such that 

Now, assume that w £ ^5 and w ^ v. Recall that £ M A (y u) ), and that 
£ M A (X) can be viewed as an object of M A (X„). We define similarly the 
objects i? A £ MHM(yjo) and J? A ,, J A ,. e MHM (I„) such that 

The object J? A , has a canonical weight filtration W*. We set J k -38^\ = -SS^ for 
k < 0. The following proposition is due to Gabber and Beilinson-Bernstein |BB[ 
Theorem 5.1.2, Corollary 5.1.3]. 

Proposition 6.1. We have ■q{W l{w ^ k ^) = J fc ^ A , m M$(X V ) for all k £ Z. 
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So the problem that we posed at the beginning of the section reduces to calculate 
the multiplicities of 3S^ % in in the category MHMo(I„). Let q be a formal 
parameter. The Hecke algebra Jt? q (&) of 6 is a Z[q, g -1 ] -algebra with a 7L\q,q~ x \- 
basis {T w } we e whose multiplication is given by 

T Wl T W2 = T WlW2 , if l(wiw 2 ) = l(wi) + l(w 2 ), 

(T Si + l)(T Si -q) = 0, O^i^m-l. 
On the other hand, the Grothendieck group [MHMo(X„)] is a Z[q, g _1 ]-module 
such that 

q k [J(\ = [JK{-k)\, keZ, Jt e MHM (I„). 
For x 6 © with x $S v consider the closed embedding 

c x : pt — > X v , pt h-> xB/B. 
There is an injective Z[q, q _1 ]-module homomorphism, see e.g., [KT21 (5.4)], 
* : [MHM (I„)1 — »• ^4(6), 

\J£\ —> ££(-l) fc [//^*(.^)]T x . 

The desired multiplicities are given by the following lemma. 
Lemma 6.2. For w G ^3 we have 

Qs 

where P x , w € q^ 1 ] is the Kazhdan-Lusztig polynomial. 

Proof. Since the choice for the element v above is arbitrary, we may assume that 
w ^ v. By the definition of VP we have 

= (-1) 1{W) T W . (6.1) 

By [KIT] . [KTl] . we have 

*([< A :.])-(-l)' M E P ^ T - ( 6 - 2 ) 

xee 

Next, for x G *3S with i^nwe have 

= (-i)'M ^ r y:c . (6.3) 



Since by Lemma 14.51 we have 



7* — c5})> 



the following equalities hold 



( 1) Pyx,wT y , 

E p *> w E T * 



E (-i)' (w) " Ka:) -Px,«,*([^,]). 

Here the third equality is given by the well known identity: 
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Pyx.w = Px,w, V £ So, X £ "3S, X ^ W. 

□ 

Remark 6.3. Let x £ ^3. Since "J is injective, the equation (|6.3[) yields that 

yes 

By applying the functor r\ we get the following equality in [Mq(AT)] 

Ec-^K-ii- ( 6 - 4 ) 

6.3. Proof of Theorem 10.11 Recall from (|2.6p that we view as a subset of 
A + . By Corollary 12.141 Theorem 10.11 is a consequence of the following theorem. 

Theorem 6.4. Let A, \x be partitions of n. Then for any negative integer k we 
have 

dx'AQ) = Et J4M -( A )/ Jl+lM «( A ) : L ^)W- (6-5) 

Here dy fl i(q) is the polynomial defined in the introduction with v = exp(27ri/K). 

Proof. Let v £ A such that v + p is antidominant. We may assume that A belong 
to the same orbit of v under the dot action of ©, see (|A.7I) . For any \i G A + l~l(6 -v) 
let w(/i) u be the shortest element in the set 

w(n) v &{v) = {w £ © | /i = w ■ v}. 

Note that w(n) v &(v) is contained in S3 by Lemma [4.31 We fix v £ & such that 
v ^ w(j) u for any 7 G P n . Let g 1 / 2 be a formal variable. We identify q — (q 1 / 2 ) 2 . 
Let P x , w be the Kazhdan-Lusztig polynomial normalized as follows 

p x M=Q [l{w) - lix))/2 P x A'i- 1/2 y 

Let Q x ,w be the inverse Kazhdan-Lusztig polynomial given by 

E Qx : z(-q)Px,w(q) = 5z,w, z,w£&. 

Then by ([63]) . we have 

Ki] - E 9 (i( * M( ™ ))/2 &,»(9~ 1/2 )[<!.]. v x £ 6. 

By Remark 16.31 we see that 
[ J x!] - E ( E (-l)' (s) 9 (i(sxK ' (tu))/2 Q-,»(^ 1/2 )) Ki.L V x G SB. (6.6) 

Now, let 

[M v (X v )] q = [M» (X V )} ^{q 1 ' 2 ,q-y% [6 K ] q = [G K ] ®zZ[gVa >g -V2]. 
We have a Z[g, g _1 ]-module homomorphism 

£ :[MHM„(I„)] — > [MS(X W )]„ 

► ew^^/^ -1 *^)]^ 72 - 

iGZ 

Note that £([<#£,.]) = g ,i(x)/2 [^|.] and by Proposition O we have 
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Next, let 

[M K (X)] g = Y,[J lM ^)/J l+1 M K {\)]q- 1 ' 2 . 

Then by Proposition [531 we have 

re([^ w J)=q l ^^ 2 [M K (X)] q . 
On the other hand, by (16.61) we have 

re(K (A )J) 

= E (E(- 1 )' w « (,(TO(A)0 " ,(,0))/2< 5~w-,-(-« 1/2 )) re ^J 

Here in the second equality we have used Proposition ^. 6( 0) and the fact that V n is 
an ideal in A + . Note that l(sw(X) v ) — l(w(X) u ) — l(s) for s € ©0 by Lemma EOT b). 
We deduce that 

[M K (x)] q = (E(-^ 1/2 ) Ks) Q-(A)„,»(M),(^ 1/2 ))[i K (^)]. 

fl&'Pn SS60 

By [Ll Proposition 5], we have 

dy,Al- 1/2 ) = E (-^ 1/2 ) Ks) ^(A)„-W,(?- 1/2 ), 

see also the beginning of the proof of Proposition 6 in loc. cit., and |LT2[ Lemma 
2.2] for instance. We deduce that 

Y,[J l M K (\)/J* +1 M K (\)]q* = dy^(q)[L K (p)]. 
The theorem is proved. □ 



Remark 6.5. The ^-multiplicities of the Weyl modules W V (X) have also been con- 
sidered in |Arj and [RTj . Both papers are of combinatorial nature, and are very 
different from the approach used here. In [Arj Ariki defined a grading on the g-Schur 
algebra and he proved that the ^-multiplicities of the Weyl module with respect to 
this grading is also given by the same polynomials d\' rfi '. However, it not clear to 
us how to relate this grading to the Jantzen filtration. 

Remark 6.6. The radical filtration C'(M) of an object M in an abelian category C 
is given by putting C°(M) = M and C t+1 (M) to be the radical of C l (M) for i ^ 0. 
It follows from jBBl Lemma 5.2.2] and Proposition 15.51 that the Jantzen filtration 
of SS\ coincides with the radical filtration. If A £ A such that A + p is antidominant 
and regular, then the exact functor T is faithful, see |BUi Theorem 7.15.6]. In this 
case, we have 

T(C'(M)) = C'(T(m)) = C'M K (X). 
So the Jantzen filtration on M K (X) coincides with the radical filtration. If we have 
further Ag?„ and n ^ —3, then by the equivalence in Proposition 12 . 131 we deduce 
that the Jantzen filtration of W V (X) also coincides with the radical filtration. This 
is compatible with recent result of Parshall-Scott |PSj . where they computed the 
radical filtration of W v (A) under the same assumption of regularity here but without 
assuming k ^ —3. We conjecture that for any A the Jantzen filtration on M K (X) 
coincides with the radical filtration. 
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Remark 6.7. The results of Sections|H[5lin]hold for any standard parabolic subgroup 
Q of G with the same proof. In particular, it allows us to calculate the graded de- 
composition matrices associated with the Jantzen filtration of the parabolic Verma 
modules in more general cases. 

Appendix A. Kashiwara-Tanisaki's construction, translation 

FUNCTORS AND PROOF OF PROPOSITION 14.21 

The goal of this appendix is to prove Proposition ^. 21 We first consider the case 
when A + p is regular. In this case, the result is essentially due to Kashiwara and 
Tanisaki [KTlj . However, the setting of loc. cit. is slightly different from the one 
used here. So we will first recall their construction and adapt it to our setting to 
complete the proof of the Proposition in the regular case. Next, we give a geometric 
construction of the translation functor for the affine category O inspired from |BG] , 
and apply it to deduce the result for singular blocks. We will use the same notation 
as in Section [4] 

A.l. The Kashiwara affine flag variety. Recall that II is the root system of g 
and II + is the set of positive root. Write II = — II + . For a £ II we write 

Q a = {x £ Q | [h, x] = a(h)x, V h £ t}. 

For any subset T of LT + , II - we set respectively 

n(T) = 0Q , n-(T) = 0Q . 

For a — Y1T=(^ h-iCti £ IT we write ht(a) = Ya=o hi ana ^ f° r ^ £ N we set 

IPT = {a £ n | ht(a) s$ -0, n ; ~ = n-(LTf). 

Consider the group scheme L~Go = Go(C[[t -1 ]]). Let B~ be the preimage of 
by the map 

where Bq is the Borel subgroup of Go opposite to Bq. Let N~ be the prounipotent 
radical of B~. Let C B~ be the group subscheme given by 

Nf = lim exp (n z ~ ) . 
fc 

Let X be the Kashiwara affine flag variety, see [K] . It is a quotient scheme 
X = Goo/B, where Goo is a coherent scheme with a locally free left action of B~ 
and a locally free right action of B. The scheme X is coherent, prosmooth, non 
quasi-compact, locally of countable type, with a left action of B~ . There is a right 
T-torsor 

7T : X* = Goo/N -> X. 
For any subscheme Z of X let be its preimage by 7r. Let 

x= |Jr. 

wee 

be the _B~-orbit decomposition. Then X is covered by the following open sets 

x w = y x v . 

For each w there is a canonical closed embedding X w — > X w . Moreover, for any 
integer I that is large enough, the group acts locally freely on X w , X w ^, the 
quotients 

Xf = N-\X W , Xf = N-\X w1f 
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are smooth scheme^, and the induced morphism 

X w Xf (A.l) 
is a closed immersion. See |KT11 Lemma 2.2.1]. Further we have 

X w = X w x x ™ XfK 

In particular, we get a closed embedding of X^ — > X w into the T-torsor X™^ — > X, 1 ". 
This implies that the T-torsor tt : X* — > X is admissible. Finally, let 

p Zl z 2 : X™ 1 " XfJ, pi : X Mt -> Xj" 1 ', Zi ^ Z 2 

be the canonical projections. They are afhne morphisms. 

A. 2. The category H A (A). Fix w,y E & with y ^ w. For ii ^ Za large enough, 
the functor 

(p hh ). : M^X*,^) -> M A (Xf 2 , X w ) 
yields a filtering projective system of categories, and we set 

H x (X y ,X w ) = 21imM A (Xf, A,,)- 
i 

For z ^ y let : X y ^ — » X z ^ be the canonical open embedding. It yields a map 
j yz : Xf ' — > Xf ' for each L The pull-back functors by these maps yield, by base 
change, a morphism of projective systems of categories 

(Ml(Xt,X w )) t -+ {Ml(3q,X w )) t . 

Hence we get a map 

As y, z varies these maps yield again a projective system of categories and we set 

H X (X W ) = 2hm H x (X y ,X w ). 

Finally, for w ^ v the category H A (X w ) is canonically a full subcategory of H A (X v ). 
We define 

H A (A) = 21imH A (A„,). 

w 

This definition is inspired from |KTlj , where the authors considered the categories 
M^(Xf , X w ) instead of the categories M^(Xf , X w ). Finally, note that since the 
category H X (X W ) is equivalent to M^(Xf , X w ) for y, I large enough, and since the 
latter is equivalent to M^(A U1 ), see Section l3Tl we have an equivalence of categories 

H A (X)-M A (A). 



For I large enough the scheme 3Cj" is separated (hence quasi-separated). To see this, one uses 
the fact that X m is separated and applies TT, Proposition C.7]. 
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A. 3. The functors f and T. For an object of H A (X), there exists w G © 
such that is an object of the subcategory H X (X W ). Thus j$ is represented by a 
system {^i) y ^w,U with G M^X^X^) and / large enough. For h ^ Z 2 there 
is a canonical map 

(pmJ4-0^(pmJ.«) = ^- 

It yields a map (see (|3.6[) for the notation) 

r(xf i; ^)->r(xf 2 ,^). 

Next, for y, z ^ w and Z large enough, we have a canonical isomorphism 

r(xf,^) = r(xf,^ z ). 

Following |KTlj . we choose a y ^ w and we set 

Y(Jt) =limr(Xf,^). 
i 

This definition does not depend on the choice of w, y. Now, regard ^ as an 
object of Ml(X). Recall the object G O(X) from Section EH1 Suppose that 
is represented by a system {^y) y ^ w with G 0(X y ). By definition we 

have jtfty = (i'^^y , where i denotes the closed embedding — > Xf*, see (|A.ip . 
Therefore we have 

C r(Xf,.<). (A.2) 

Next, recall that we have 

r(.#) = r(x,^r t ) = ihnr(X y ,^f). 

So by first taking the projective limit on the right hand side of (|A.2[) with respect 
to I and then taking the inductive limit on the left hand side with respect to y we 
get an inclusion 

T{Jt) C T{JK). 

It identifies r(./#) with the subset of T(^) consisting of the sections supported on 
subschemes (of finite type) of X. 

The vector space Y{J%) has a g-action, see [KT11 Section 2.3]. The vector space 
r(^) has also a g-action by Section |4~51 The inclusion is compatible with these 
0-actions. Following loc. cit., let 

be the set of t- finite elements. It is a g-submodulc of T(^). 

A. 4. The regular case. In this subsection we prove Proposition ^. 2l in the regular 
case. More precisely, we prove the following result. 

Proposition A.l. Let X £ A be such that X + p is antidominant and regular. Then 
we have isomorphisms of Q-modules 

r(^) = N K (vX), r« A ) = BN K (vX), r« A .) = L K (vX), Vve&. (A.3) 

Proof. By |KT1[ Theorem 3.4.1] under the assumption of the proposition we have 
isomorphisms of g-modules. 

r« A ) = n k (v • a), rK A ,) = D^-A), r«)=i s (».A), v^e. 

We must check that for (J =!, •, or !•, the g-submodules T(£/^) and T(&/^) of 
T(srfh) are equal. Let us first prove this for H = •• We will do this in several steps. 
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Step 1. Following [KTlj we first define a particular section § in T(s^^ % ). Let ui 
be a nowhere vanishing section of Slx^ ■ It is unique up to a nonzero scalar. Let 
t x be the nowhere vanishing section of Jzfy sucn that t x (ui>b) = e~ x (b) for u G N, 
b G B. Then lu ® i A is a nowhere vanishing section of ^ over X„. Now, for 
y ^ v and Z large enough, let if : X v — > Xf be the composition of the locally 
closed embedding X v — > X y and the closed embedding X y -+Xf in CEO). We will 
denote the corresponding embedding X% -4 Xf f again by if. Note that (^.0< A )) ; 
represents the object in H X (X). Therefore we have 

fK A J=lhnF(Xf,*r.K A )). 

I 

Consider the canonical inclusion of 6*v -modules 

Let <&\ G F(Xf , iJ'.(j< A ) + ) be the image of uj ® t A under this map. The family 
defines an element 

G f« A .). 

5iep Let = • B/B. It is an affine open set in X v . For Z large 

enough, let VJ y be the image of V v in Xf via the canonical projection X v — > Xf. 
Write jf : V t v — > Xf for the inclusion. Note that V t v = N~/Nj~ as affine spaces. 
Therefore, if Z is large enough such that n ; ~ C II - n vIL~, then the right *2r x - 
module structure on st^'* yields an isomorphism of sheaves of C-vector spaces over 

jr(il&x v )®u(n-(a- n»(n-))/ttf) ^ jf^IM^), 

f® P H> (<?■/)• St (p). 

This yields an isomorphism of t-modules 

r(Xf,zr.« A )) = W(n-/nD ®C„. A , (A.4) 
see jKTll Lemma 3.2.1]. By consequence we have an isomorphism of t-modules 

f « A ) = (^mW(n-/nf)) ® C„. A . (A.5) 

i 

Step 3. Now, let us prove T{st£) = T(£/ v \). First, by (|A.4j) the space 
T(Xf,ij,(^)) is t-locally finite. So (TO) implies that T(ji/£) is the inductive 
limit of a system of t-locally finite submodules. Therefore it is itself t-locally finite. 
Hence we have 

r« A ) c r« A ). 

To see that this is indeed an equality, note that if m G r(^.) is not t-locally finite, 
then by (|A.5[) the section m is represented by an element in 

hjriW(n~/np <8 C v .\ 
i 

which does not come from U(n~) <E> C v .\ via the obvious map. Then one sees that 
m can not be supported on a finite dimensional scheme, i.e., it can not belong to 
r(^ A ). This proves that 

r« A ) = rK, A ). 

Now, we can prove the rest two equalities in the proposition. Since A + p is 
antidominant, by Proposition 14. 1 f a) the functor T is exact on M. X (X). So r(^ A .) 
is a g-submodule of r(jz/ tJ A ). Therefore all the elements in r(«e/ l A .) are t-finite, i.e., 
we have 

r«)crK{,). 
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On the other hand, by [KT11 Theorem 3.4.1] we have 

r«)cr« A .). 

Therefore, Step 3 yields that each section in r(^}.) is supported on a finite di- 
mensional scheme, and hence belongs to T(s^^ m ). We deduce that 

r«) = r«). (A.6) 

Finally, since has a finite composition series whose constituents are given by 
^w\» f° r w ^ v - Since both T and T are exact functors on M A (A), see Proposition 
O and [KTTl Corollary 3.3.3, Theorem 3.4.1]. We deduce from (TQ1) that T{rf>fi 
is t- locally finite, and the sections of Y{.etf^\) are supported on finite dimensional 
subschemes. Therefore we have 

r«i) = rKi). 

The proposition is proved. □ 

A. 5. Translation functors. In order to compute the images of and srf x t in 

the case when A + p is not regular, we need the translation functors. For A G K t* 
such that A + p is anti-dominant, we define Ki a to be the Serre subcategory of O k 
generated by L K (w ■ A) for all w G ©. The same argument as in the proof of [DGK, 
Theorem 4.2] yields that each M € O k admits a decomposition 

M = 0M\ M A ea K , A , (A.7) 

where A runs over all the weights in K t* such that A + p is antidominant. The 
projection 

pr A : 6 K -> O k , a , M i ^ A/\ 

is an exact functor. Fix two integral weights A, p in t* such that A + p, p + p are 
antidominant and the integral weight v = A — p is dominant. Assume that A G K t*, 
then p belongs to K d* for an integer k' < k. Let V(v) be the simple g-module of 
highest weight v. Then for any M £ O k i the module M ® V(v) belongs to O k . 
Therefore we can define the following translation functor 

6" : 6^ -> 6 K ,x, M h> pr A (M ® V(i/)), 

see |Kulj . Note that the subcategory Ki A of is stable under the duality D, 
because D fixes simple modules. We have a canonical isomorphism of functors 

9%D = Dof. (A.8) 

Indeed, it follows from ([3~5]l that D(M ® V(i/)) = D(M) (g> D(V(i/)) as g-modules. 
Since V(f) is simple, we have DV(i/) = V^(^). The equality (|A.8[> follows. 

On the geometric side, recall the T-torsor ir : A^ — > A. For any integral weight 
A G t* the family of line bundles (see Section l3~5j) with w G & form a projective 

system of ^-modules under restriction, yielding a fiat object ££ x of O(A). Note 
that 7r*(Jzf A ) is a line bundle on XL For integral weights A, p in t* the translation 
functor 

0*-" : M£(X) -)• M A (A), JZ^JZ iE>e xi tt* («5f a ~^), 

is an equivalence of categories. A quasi- inverse is given by M_A . By the projection 
formula we have 

e x -»(A^)=At p for |J=!, !., .. (A.9) 
Now, assume that p + p is antidominant. Consider the exact functor 
r : iVP(A) -> M(fl), ^f^r(^f) 
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as in Proposition Note that if p, + p is regular, then T maps s^^, to L K (v ■ p) 
by Proposition IA.1I Since the subcategory O k of M(g) is stable under extension, 
the exact functor T restricts to a functor 

The next proposition is an afhne analogue of |BG[ Proposition 2.8]. 

Proposition A. 2. Let A, /i fee integral weights in t* such that A + p, p + p are 
antidominant and v = A — fJ, is dominant. Assume further that p + p is regular. 
Then the functors 

for: My(I)->O K ,xCM(0) and T o 9" : M%(X) -> M( ) 

are isomorphic. 

Proof. We will prove the proposition in several steps. 

S'tep 1. First, we define a category Sh(X) of sheaves of C- vector spaces on X 
and we consider g-modules in this category. To do this, for w £ & let Sh(AT lu ) be 
the category of sheaves of C- vector spaces on X w . For w $J x we have a closed 
embedding i WjX : X w — > X x , and an exact functor 

where is the subsheaf of ^ consisting of the local sections supported set- 

theoretically on X w . We get a projective system of categories 

(sh(x„), 

Following [BD, 7.15.10] we define the category of sheaves of C-vector spaces on X 
to be the projective limit 

Sh(X) =21imSh(X tu ). 

This is an abelian category. By the same arguments as in the second paragraph of 
Section [3?fl the category Sh(X w ) is canonically identified with a full subcategory 
of Sh(AT), and each object J?" G Sh(X) is a direct limit 

J^limJ^, & w GSh(X w ). 

The space of global sections of an object of Sh(X) is given by 

T(X,^) =\hnT(X w ,^ w ). 

Next, consider the forgetful functor 

0(X W ) -> Sh(X w ), jV h-> J/ c . 

Recall that for j$ 6 O(^0 we have ^ = lim ^^, with ^ w G 0(X W ). The tuple 
of sheaves of C-vector spaces 

gives an object in Sh(A"). Let us denote it by The assignment ^ \-t ^ c 

yields a faithful exact functor 

0(X) -)■ Sh(X) 

such that 

Y{X,JZ) = T{X,Jg c ), (A.10) 

see p,12p for the definition of the left hand side. Now, let & = (& w ) be an object 
in Sh(A"). The vector spaces End(jFu,) form a projective system via the maps 

End(j^) -> End(J^), / -> i^f). 
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We set 

End(J^) =]imEnd(^ u ,). (A.ll) 

w 

We say that an object & of Sh(X) is a g-module if it is equipped with an algebra 
homomorphism 

U{q) -> End(jT). 

For instance, for ^# £ M T (JT^) the object of Sh(X) is a g-module via the 

algebra homomorphism 

6t:U(n)^T{X\9 x i) (A.12) 

See the beginning of Section 14.31 

Step 2. Next, we define G-modules in 0(X). A standard parabolic subgroup of 
G is a group scheme of the form P = Q x Go P with P a parabolic subgroup of 
Go- Here the morphism Q — > Go is the canonical one. We fix a subposet p 6c6 
such that for w £ p & the subscheme X w C X is stable under the P-action and 

X = lim X w . 

We say that an object & = (,j^ w ) of O(X) has an algebraic P-action if j?^ has 
the structure of a P-equivariant quasicoherent -module for w £ p © and if the 
isomorphism i* w x ^ x — is P-equivariant for w ^ x. Finally, we say that & is a 
G-module if it is equipped with an action of the (abstract) group G such that for 
any standard parabolic subgroup P, the P-action on & is algebraic. 

We are interested in a family of G-modules ~f % in 0(X) defined as follows. Fix a 
basis (Wj)ieN of V(y) such that each m, is a weight vector of weight Vi and i/j > Vj, 
implies j < %, By assumption we have vo = v. For each % let be the subspace of 
V{v) spanned by the vectors mj for j i. Then 

V° C V 1 C V 2 C . . . 

is a sequence of P-submodule of V{v). We write V°° — V{v). For ^ i ^ oo we 
define a ^-module on X such that for any open set U C X we have 

T(£/, ^e) - {/ : p- X (£/) V* | /(.gfe- 1 ) = &/(</), g £ G x , b £ P}, 

where p : G m — > X is the quotient map. Let 7^ be the restriction of to X m . 
Then (fZ) we e is a flat G-module in 6(X). We will denote it by f\ Note that 
since V(v) admits a G-action, the G-module "V 00 £ O(A) is isomorphic to the 
G-module 6 X ® V{v) with G acting diagonally. Therefore, for J( g M#(X) the 
projection formula yields a canonical isomorphism of vector spaces 

Y{JK) ® V{v) = T{X, JK^) ® V{v) 

= T{X,j£^ ® ex r°°). (A.13) 

On the other hand, we have 

r(e"M0) - r(x,(^r®^ t ^(jst))*) 

= T{X,jf ®ff x %" J ). (A.14) 

Our goal is to compare the g-modules T(0 I '(^#)) and the direct factor 9 U (T{^£)) 
of T{^£) ® V(i>). To this end, we first define in Step 3 a g-action on i^M^ ®e x ^ l ) c 
for each i, then we prove in Steps 4-6 that the inclusion 

®e x srf r oc ) c (A.i5) 

induced by the inclusion S£ v = Y° C y°° splits as a g-module homomorphism in 
Sh(A). 
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Step 3. Let P be a standard parabolic subgroup of G, and let p be its Lie 
algebra. Let p & C S be as in Step 2. The P-action on y 1 yields a Lie algebra 
homomorphism 

p^End(^), \fwe P e. 
Consider the g-action on (^#t) c given by the map 6i in (|A.12I) . Note that for w ^ x 
in p &, any element £ £ p maps a local section of supported on X w to a local 
section of ^fj. with the same property. In particular, for w £ p & we have a Lie 
algebra homomorphism 

p -)• End((^l ®e>-x w ^) C ), ^ (to ® v £m (g> v + to®£v), (A.16) 

where m denotes a local section of f denotes a local section of These 
maps are compatible with the restriction 

End((^t n f) ^ End((.< ®^ ^) c ), / -> i ] w Jf). 

They yield a Lie algebra homomorphism 

p End((^ t r l ) c ). 
As P varies, these maps glue together yielding a Lie algebra homomorphism 

fl -> End((^ g)^ r 4 ) c ) . (A.17) 
This defines a g-action on i^M^ ®e x ^ /I ) C such that the obvious inclusions 

{jfl ® ffx r"f c f Y f c ••• 

are g-equivariant. So (IA.15I) is a g-module homomorphism. Note that the flatness 
of "V 1 yields an isomorphism in O(X) 

^ ®e x l^/jt 1 ®e x = jfi ® 0X % Vi . (A.18) 

Step 4. In order to show that the g-module homomorphism (IA.15[) splits, we 
consider the generalized Casimir operator of g. Identify t and t* via the pairing 
(•:•). Let p y £ t be the image of p. Let hi be a basis of to, and let h % be its 
dual basis in to with respect to the pairing (•:•). For £ £ g and n £ Z we will 
abbreviate £( n ' — £ <8> t n and £ = The generalized Casimir operator is given 
by the formal sum 

e: =2p v +^^+291+^ e , iei ,+^^ e (7«) e g)+^^^(-«)/ l W ) (A.19) 

see e.g., |Kal Section 2.5]. Let #;(<£) be the formal sum given by applying Si term by 
term to the right hand side of (|A.19[) . We claim that <$z(<£) is a well defined element 
in T(X', @xf)i i- e -> the sum is finite at each point of X* . More precisely, let 

X = {e ij \i<j}U{e%\h ( ? ) \i^j,n>l}, 

and let e be the base point of XL We need to prove that the sets 

E ff = {£e£|*,(O(se)^0}, jeG, 

are finite. To show this, consider the adjoint action of G on g 

Ad:G^End(g), g h-> Ad g , 

and the G-action on £F x t € O(Xt) induced by the G-action on XL The map Si is 
G-equivariant with respect to these actions. So for £ 6 g and g £ G we have 

*j(OCffe)^0 ^(Ad g - 1 (O)(e)^0. 
Further the right hand side holds if and only if Ad g -i(£) ^ n. Therefore 
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is a finite set, the claim is proved. By consequence £ acts on the g-module (.<#') 
for any j$ S M T (X^). Next, we claim that the action of £ on the g-module 
{Jfi ®g x y i ) c is also well defined. It is enough to prove this for {M ®e x 7 /00 ) c . 
By (|A.16[) the action of £ on ®e x '^ /00 ) c is given by the operator 

£ ® 1 + 1 ® £ - ^ ejp> ® e£> - J2 h *' ( ~ n) ® ^ ■ 



Since for both anc ] a t each point, there are only finitely many elements 

from E which act nontrivially on it, the action of £ on the tensor product is well 
defined. 

Step 5. Now, let us calculate the action of £ on ®e x JSf"'). We have 

Ad 9 -i(£) = £, V.geG. 
Therefore the global section is G-invariant and its value at e is 

J,(C)(e) = «i( 2 P V + hifli + 23l)(e). 
On the other hand, the right T-action on X* yields a map 

Since the right T-action commutes with the left G-action, for any h £ t the global 
section S r (h) is G-invariant. We have 5 r (h)(e) = —6i(h)(e) because the left and 
right T-actions on the point e are inverse to each other. Therefore the global 
sections <5/(£) and 5 r (—2p v + J2i h % hi + 281) takes the same value at the point e. 
Since both of them are G-invariant, we deduce that 

= 5 r (-2p v + h% + 281). 

i 

Recall from Section [33] that for A e i* and J( e M X (X) the operator S r (-2p v + 
J2i h l hi + 291) acts on by the scalar 

-A(-2p v + J2 h% + 281) = ||A + P \\ 2 - \\p\\ 2 . 

i 

Therefore £ acts on by the same scalar. In particular, for j& S M M (X) 
and i 6 N, the element £ acts on Jift ®e x -Sf" 1 by \\p + v% + p\\ 2 — \\p\\ 2 - Note 
that the isomorphism (|A.18|) is compatible with the fj-actions. So £ also acts by 

11/^ + Ui + P \\ 2 - \\p\\ 2 on (jfl ® ffx rv^t r<-i)c. 

5*tep 6. Now, we can complete the proof of the proposition. First, we claim that 
||A + p|| 2 -|H| 2 = ||m + ^ + p|| 2 -|H| 2 Vi = u. (A.20) 
The "if" part is trivial. For the "only if" part, we have by assumption 

Hm + ^ + pII 2 = Hm + ^ + /o|| 2 

= + v + p\\ 2 + \\v - Vi\\ — 2(/i + v + p : v - i>i). 

Since v—v^ G NII + and p+is+p = X+p is antidominant, the term — 2(A + p : v — Vj) 
is positive. Hence the equality implies that \\u — Uj|| 2 = 0. So v — z/j belongs to N<5. 
But (A + p : S) = k < 0. So we have v — vt. This proves the claim in (|A.20|) . A 
direct consequence of this claim and of Step 5 is that the fj-module monomorphism 
(|A.15[) splits. It induces an isomorphism of g-modules 

r(^t ® 0X s£ v ) = P r A r(ur+ ® ffx Jt e m%(x). (A.21) 
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Finally, note that the vector spaces isomorphisms (|A.13[) and (|A.14[) are indeed 
isomorphisms of g-modules by the definition of the g-actions on ®e x y°°) c 
and {jM^ ®& x ■%"') C - Therefore (|A.2ip yields an isomorphism of g-modulcs 

T{& V {JZ)) = 6 V {T{JK)). 

□ 

Remark A. 3. We have assumed fi + p regular in Proposition IA.2I in order to have 
T(M.q(X)) C O k , m . It follows from Proposition IA.2I that this inclusion still holds 
if p, + p is not regular. So Proposition IA.2I makes sense without this regularity 
assumption, and the proof is the same in this case. 

A. 6. Proof of Proposition 14.21 By Proposition IA.1I it is enough to prove the 
proposition in the case when A + p is not regular. Let LOi, O^i^m — 1, be the 
fundamental weights in t*. Let 

where the sum runs over alH = 0,...,m — 1 such that (A + p : o^) = 0. The weight 
v is dominant. Let p = A — v. Then p + p is an antidominant weight. It is moreover 
regular, because we have 

(p + p : di) — (A + p : cti) — (y : a,) <0, O^i^m — 1. 

Let K 1 = (p + p : 5). So Propositions IA.11 IA.2I and the equation (|A.9[) implies that 

r« A ,) = 6"{N K ,{wp)), T(^ lm )=^(L K ,{wp)), r(^.) = 6»(DN K ,(wp)). 

So parts (a), (c) follow from the properties of the translation functor 6 V given in 
[Kull Proposition 1.7]. Part (b) follows from (a) and the equality (|A.8I) . □ 

Appendix B. Proof of Proposition 15.41 

In this appendix, we prove Proposition 15.41 We will first study localization of 
deformed Verma modules, see Lemmas IB. 21 IB. 31 Then we use them to deduce 
the parabolic version. In this appendix we will keep the notation of Section In 
particular, recall that j = j w , f = f w , etc. 

B. l. Deformed Verma modules. Fix A 6 A and w 6 95. Let n > be an 

integer. For v = xw s & with x € ©o, let r x : — > Vj be the canonical inclusion. 
We have i v = j o r x . The tensor product 

< {n) = < X ®e xl r*r^ n) (B.l) 

is equal to r%(8§( n >). By Lemma [531 it is an object of M.^(X V ). We consider the 
following objects in M.^(X) 

= < ( u = i.!,K ( "»), < ( . n) = *,.K (n) ). 

For p £ re t* we have defined the Verma module N K (p) in Section 14.41 The 
deformed Verma module is the £Y k -module given by 

V k (/i) = U{q) ® u(b) iVt-^o- 

Here the b-module R ll+SUJg is a rank one R- module over which t acts by p + su>o, 
and n acts trivially. The deformed dual Verma module is 

DAT k (^)= Hom fl (V k ( M ) A ,i?), 
\e k f 

see (|2.5[) . We will abbreviate 

Ni n) (p) = N w (p)(p n ), DV^(M) = DiV k ( M )(p"). 
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For any i?(™)-module (resp. i?-module) M let /j,(s j ) : M — > M be the multiplication 
by s 1 and write s l M for the image of fi(s l ). We define a filtration 

F'M = (F°M D F l M D F 2 M D ■■■) 

on M by putting F i M = s i M. We say that it is of length n if F n M = and 
F^M ^ 0. We set 

gr M = gr l M, gi J M = F i M/F i+1 M. 

For any Q R ( n ) -module M let ch(M) be the t fl («) -module image of M by the forgetful 
functor. 

Lemma B.l. If X + p is antidominant then we have an isomorphism of t R ( n )- 
modules 

ch(r(^ ( . n) )) = ch(DJv£ n) (« • A)). 

Proof. The proof is very similar to the proof of Proposition IA.1I We will use the 
notation introduced there. 

Step 1. Consider the nowhere vanishing section f s of (/*^("))t over Y w . Its 
restriction to X v yields an isomorphism 

Let id be a nowhere vanishing section of &x v , and let t x be the nowhere vanishing 
section of Jzfj^ over X v such that t x {uvb) = e~ x (b) for u <E N, b e 5. Then the 

global section cj (8 i A $5 / s of .k/J™' 1 defines an element 

tf s 6 f K, ( . n) ) 

in the same way as 1? is defined in the first step of the proof of Proposition lA.il 
Step 2. Let us show that 

ch(r« ( . n) )) = ch(DA^ n) ( W -A)). 

The proof is the same as in the second step of the proof of Proposition IA.1I The 
right -module structure on {s/^)^ yields an isomorphism of sheaves of C- vector 
spaces over 

sTWM ®w(n-(ir n «(ir))/nr) ® ^ (n) ^ jT (i?.K (n) ) f ). 

f®p®r ^ ((d 8 ■ f) ■ 6i(p))r. 
This yields an isomorphism of t^( n ) -modules 

ch(r(Xf, if. «<«>))) = ch(W(n-/nD ® J$[ + «J. 
Therefore we have 

ch(f « ( . n) )) = ch((hmW(n-/n ; -)) ® fl<S +8 J, (B.2) 

and 

ch(FK ( . n) )) = ch(W(n-)®i?i"i +SWo ) 

= ch(D^" ) (w A)). (B.3) 

Step 3. In this step, we prove that T^^) = T{^y,) as g^o) -modules. Since 
both of them are g fl ( re )-submodules of f (s^v^)- It is enough to prove that they are 
equal as vector spaces. Consider the filtration F*(srfv ) on It is a filtration 

in M^(X V ) of length n and 
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Since i v , is exact and 

R l r« A .) = i?T« A ) =0, V i > 0, 

the functor T o i vm commute with the filtration. Therefore both the filtrations 
FT« ( . n) ) and F'T{^ r m l) ) have length n and 

gr 1 r« ( . n) ) - r« A ,), gr 1 rK ( . n) ) = r« A ), o < » < n - 1. 

By Step 3 of the proof of Proposition lA.il we have r(j2/ t , A ) = r(^, A ). We deduce 
that all the sections in T{s&v») arc t- finite and all the sections in T(s?v» ) are 
supported on finite dimensional subschemes. This proves that 

We are done by Step 2. □ 
Lemma B.2. If A + p is antidominant there is an isomorphism of Q R ( n ) -modules 

r(^:') = DJvW(«.A). 

Proof. Note that 

T>Nl n \v • A) = Eom R (N u (v ■ A) M , R)(p n ) 

= Rom RM (N^(vX)„R^). 

For (jt G k t* let T(s4^) M be the weight space as defined in (|2.2[) . By Lemma IB. II 
we have 

r« ( . n) ) = T(*&\, 

AiG k t* 

because the same equality holds for Di\r£ n) (v • A). So we can consider the following 
Q R (n> -module 

Dr« ( . n) ) = Hom fl( „ ) (r(^„ ( . n) ) M ,i? (n) )- (B.4) 
It is enough to prove that we have an isomorphism of g^j(n) -modules 

By (|B.4[1 we have 

ch(Dr« ( . n) )) =ch(r« ( . n) )). (b.5) 

Together with Lemma lB.ll this yields an isomorphism of R^ n ' -modules 

4 n) (i;-A),, +SUo = (Dr(^))^ +wo . 

By the universal property of Verma modules, such an isomorphism induces a mor- 
phism of Q R (n) -module 

ip:N^\vX) ^Dr(M, ( . n) ). 
We claim that for each fi G kt* the RS n > -module morphism 

^ : < n) («-AV^(DrKW)) M 

given by the restriction of ip is invertible. Indeed, by Lemma IB. II and (|B.5[) , we 
have 

ch(Dr« ( . n) )) = ch(DA^ n) (w • A)) = ch(A^ l) ( w • A)). 

So 
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as -modules. On the other hand, Proposition 14.21 yields that the map 

<p(p) = if (Rto/pRW) : N K (v ■ A) -y Dr« A ) 

is an isomorphism of g-modules. So ip^p) is also an isomorphism. Since the 
-modules N^\v ■ A) M and (Dr(jz^. )) are finitely generated, Nakayama's 
lemma implies that ip^ is an isomorphism. So <p is an isomorphism. The lemma is 
proved. □ 

Lemma B.3. If A + p is antidominant and v is a shortest element in v&(\), then 
there is an isomorphism of Q R ( n ) -modules 

Proof. We abbreviate v = v ■ A. The lemma will be proved in three steps. 

Step 1. Recall the character map from (I4.4[) . Note that since T and it are exact, 
and 

we have an isomorphism of t-modules 

g rrK ( , n) ) = rK A )®". (b.6) 

Next, since the action of s on T(#/^) is nilpotent, for any /j 6 t* we have 

dim c (r« ( ," ) ) A ) = dim c ((grr« ( ," ) )) /i ). 
We deduce that as a t- module r(^j ) is a generalized weight module and 

ch(rK ( , n) )) = ch( g rr(^ ) )) = nchrK A ). (b.7) 

On the other hand, we have the following isomorphism of t-modules 

S cN^\ V )=N K (v) 9n . (B.8) 

Therefore we have 

ch(Ni n \u)) = nch(N K (!/)). 
Since T(£/^) = N K {u) as g-modules by Proposition ^. 2[ this yields 

ch(rK ( ," ) )) = ch(^" ) ( l ,)). (B.9) 

Further, we claim that there is an isomorphism of ii' n ) -module 

T{s/£\=N£\v) Jiy V/iGt*. (B.10) 

Note that r( I e/J,™' ) )^ is indeed an i?( n )-module because the action of s on T^^f 1 ) 
is nilpotent. To prove the claim, it suffices to notice that for any finitely generated 
i?(")-modules M, M' we have that M is isomorphic to M 1 as i?(™)-modules if and 
only if gr l M — gr l M' for all i. So the claim follows from the isomorphisms of 
t-modules (JR6J, (IB~8l) and Proposition!^ 

Step 2. In this step, we prove that as a t^,.) -module 

where R^+ sul0 is the rank one ijW-modulc over which t acts by the weight v + sojq . 
Let us consider the canonical morphisms in M^(X) 

Since T is exact on M A (X), we deduce the following chain of -module mor- 
phisms 
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Consider the following t^(„)-morphisms given by the restrictions of a, (3 



We claim that a v and /?„ are isomorphisms. Note that by (|B.7[) we have 

dimclWj"^ = ndimcr(^) e = n. 

By Lemma fB. 21 we also have d\mcT{s!/^)i) = n. Next, consider the exact sequence 
in Ml(X v ), 

-»• F l+1 ^ -> FX (n) -> gr* -»• 0. 
Applying the functor to it yields a surjective morphism 

i v] .(FWW)/i v! .(F i + 1 ^j n '>) ^,.(grWj")). 

Since M«(-P n «e4 ) = F t (i«i«(^o n ^)) and gr*^ n ^ = .ef^, we deduce a surjective 
morphism 

grW^^^., 0<i<n-l. 
Applying the exact functor T to this morphism and summing over i gives a surjective 
morphism of g-modules 

Since u is minimal in u(5(A), by Proposition I4.2[ c) the right hand side is equal to 
L K (v). We deduce from the surjectivity of 7 that 

dimcrK^p = dimcgrrK^)* 



^ dim c (I/ K (^)c) 



en 



It follows that the epimorphism a v and the monomorphism fi v are isomorphisms. 
The claim is proved. So we have an isomorphisms of tfj(«) -modules 

In particular, we deduce an isomorphisms of t^n) -modules 

T(*£>) v+auo r« ( ." ) ) iy+swo , 

because 

TV ^ . 



rK^W-o c r(^) p , for tt =!, 



By Lemma lB.21 we have 



1 ^iz+swo — 



We deduce an isomorphism of t R ( n ) -modules 

Step 3. By the universal property of Verma modules and Step 2, there exists a 
morphism of -modules 

For any /1 £ t* this map restricts to a morphism of RS n > -modules 

By Step 1, the i?( n )-modules on the two sides are finitely generated and they are 
isomorphic. Further, the induced morphism 

<p(p) : N K {u) -> f(^) 
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is an isomorphism by Proposition 14.21 So by Nakayama's lemma, the morphism 
(pp is an isomorphism for any p,. Therefore ip is an isomorphism. The lemma is 
proved. □ 

Remark B.4. The hypothesis that v is a shortest element in v&(\) is probably not 
necessary but this is enough for our purpose. 

B.2. Proof of Proposition ^. 41 Consider the canonical embedding r : —> Y^. 
We claim that the adjunction map yields a surjective morphism 

nr'(#) (B.ll) 

Indeed, an easy induction shows that it is enough to prove that gr l {r\r* {33^)) — > 
gr l 3§( n ) is surjective for each i. Since the functors r\ , r* are exact and gr 1 — SB, 
this follows from LcmmalCTa). Note that r*(S3 {n) ) = . So the image of (|B~TTj) 
by the exact functor T o j\ is a surjective morphism 

T(fi/V>)^T(&\ n) ). (B.12) 

By Lemma El we have = N^ l) . Since the g fl( „)-module T{SS\ n) ) is q- 



"k 

locally finite and is the largest quotient of A^ n in Ok, the morphism (|B.12|) 

induces a surjective morphism 

Further, by Proposition 14. 6f b) the map 

<p{p) : M K -> r(#,) 



is an isomorphism. The same argument as in Step 1 of the proof of Lemma IB. 31 
shows that for each ji € t* the generalized weight spaces and r(=5$| );j are 

isomorphic as i?(™)-modules. We deduce that 99 is an isomorphism by Nakayama's 
lemma. This proves the first equality. The proof for the second equality is similar. 
We consider the adjunction map 

-> r .r*(#( n) ). (B.13) 

It is injective by Lemma l4.4f b) and the same arguments as above. So by applying 
the exact functor r o j,, we get an injective morphism 

Again, by using Proposition 14.6( b) and Nakayama's lemma, we prove that ip' is an 
isomorphism. □ 



Index of notation 

1.1: Cni?-proj, R'C. 
1.2: C A , A, V, D y . 

1.3: R = C[[s]}, p, K, M{p% M K , /(p l ), f K , C(p), C K . 
1.4: J*D{p). 
1.5: F(p). 

2.1: G , B , T , g , &o, t , 0, t, 1, d, c, k = c + m, a R , U K , M\, t*, S, u , 
£ i> (• : •)) INI 2 5 a, z i n > n o, n+, ILj, a,, ©, 6 , w ■ A, p , p, ©(A), 

I : e -> N. 

2.2: q, [, A+, M K (A), L K (A), c, k, Z4, M k (A), A s , k t*. 
2.3: a, DM k (A), JW^A). 
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2.4: Ok, O k , £*, k t*, TO*, T> k , r A+, r -P K (A), L k (A), r P k (A). 

2.5. T^ n , r<, <, £, £ K , q', £ k , Pk{E), P K (E). 

2.6: A k , A K , A k , A„. 

2.7: D. 

2.9: S v , A v , W V (X), A v . 

2.10: t) = exp{2iri/n), v = exp(27n/k), J i W v (X). 

2.11: H 1/(t) S K , -B re (A), g K) H 1/k , 6 k , <S k , B k (A). 

3.1: Z , O(Z), /*, f, 9 Z , M(Z), Q z , ® Y ^z, JK e \ M(Z,Z% »*, *., v. 

3.2: M h (Z), ED, i,, i,.. 

3.3: M T (Z), M T (AT,Z). 

3.4: ^Tt, 5r> mAj m a (Z), M A (Z), M X (X,Z), M~ X (X,Z), M($> f z ). 

3.5: Mj(Zt), M A (Z), M A (Z), D', J2£, 9 A , D = E> A , 

3.6: 21injC a , 2^mC a . 

3.7: X = limAT a , 0{X), T{X,JT) (for J( G O(AT)), 6(AT), - J?, 

r(X, J?) (for JF G 6(X)). 

3.8: M(X) (with X an ind-scheme) , T(X,Jf) (for G M(X)), M T (AT), 

M A (A), M A (AT), r(^T) (for Jg G M A (AT)), M A (AT), M A (AT), i,, i.. 
3.9: (with X a formally smooth ind-scheme). 

4.1: G, B, Q, T, AT, g, b, n. 

4.2: X = G/.B, Xt = G/N, n:X^X, X w , w, X w . 

4.3: S l :U(g)^r(X\& xi ),M(Q),T 

4.4: M X , ch(M), 6, 6 K , N K (X), L K (X), A, < A , i w , < A .. 

4.5: 9S, wo, r W) F„,, j w , ^ A , ^ A ,, J? A ,„ ^ A „ v.Xl^ Yl 

5.1: Cr, jUm, /or, Fr. 

5.2: Q', /,(,. 

5.3: j, f, 38, 38\, J? {n) , x s , f s , @\ n \ 3§\™\ 3S < f > . 

5.4: M K , Mk, M< n) , D.\/ k " . 

5.5: V(a,n), Tt a {3§), J 4 (^,). 

6.1: MHM(Z), W^T, (k), Perv(Z), g. 

6.2: M A (X„), DR, MHM (X„), V , <\ < A ,, < A ,„ J A , J A ,, J A ,„ g, Jf q (G), 

A.l: n-, n(T), n"(T), IR", n," AT", JV," X, £t, X*\ X^, P;i / 2 , p,. 

A.2: H A (X^X W ), H A (X W ), H A (X). 

A.3: f(.#), r(.#). 

A. 5: & K ,x, pr A , 0", ^f A , 6 A ^. 

B. l: r x , JVk(/i), i?^ , DAT k ( M ), AT k "V), DAT^( M ), 

s 4 M, F*M, grM, ch(M). 
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